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Abstract
We explore a simple parameterization of new physics that results in an ul-
traviolet complete gauge-quark sector of the Standard Model. Specifically,
we add an antiscreening contribution to the beta functions of the gauge
couplings and a flavor-independent, antiscreening contribution to the beta
functions of the Yukawa couplings. These two free parameters give rise to an
intricate web of Renormalization Group fixed points. Their predictive power
extends to the flavor structure and mixing patterns, which we investigate to
demonstrate that some of the free parameters of the Standard Model could
be determined by the Renormalization Group flow.
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1. Introduction
The spectrum of masses of elementary particles is an intriguing mystery
of the Standard Model (SM), generally referred to as the “flavor puzzle”.
Why is the top quark so much heavier than the other quarks? More gener-
ally, what generates the complicated mixing pattern of the quarks and the
huge differences between quark masses? Many ideas have been put forward
to explain these properties, including higher-order operators [1], new sym-
metries [2], extra dimensions [3, 4], and the Renormalization Group (RG)
flow of SM couplings [5, 6]. Here, we explore a simple modification of the
latter, as proposed in [7–11], motivated by the necessity of an ultraviolet
(UV) completion.
Modern particle physics is dominated by the Effective Field Theory (EFT)
paradigm: at each energy scale, one is content to deal with a model that
describes all the observed degrees of freedom and reflects all the observed
symmetries only with a finite number of free parameters, which are relevant
to describe experimental results. On the way towards higher energies, one
has to update the model whenever a mass threshold is encountered. There
is not much need to discuss the ultraviolet limit, because new physics has
regularly been found every time the energy frontier has been pushed further
up. Conversely, any proposal for a truly microscopic (fundamental) theory
is expected to be “shielded” from a direct confrontation with experimental
results by thresholds at which heavy (and as of yet unknown) degrees of free-
dom decouple. The predominant paradigm has been the existence of many
such thresholds at a priori unknown energies, such that the link between the
fundamental theory and LHC physics is tenuous at best. The results of the
LHC could prove to be paradigm-changing: not only is there no direct indi-
cation for physics beyond the SM at the TeV scale, there is even an intriguing
indirect hint for the scale of new physics from the Higgs sector; as mH = 125
GeV [12, 13], the Higgs particle’s mass lies in the relatively narrow range of
masses where a consistent extrapolation of the SM to much higher scales is
theoretically viable, avoiding a low-scale Landau pole at higher Higgs masses
[14] and vacuum instability at low masses [15–17]. For the most recent in-
direct measurement of the top pole mass by ATLAS and CMS [18, 19], the
scale of theoretical viability surpasses the Planck scale even if one demands
absolute vacuum stability. Nevertheless, the SM remains an EFT due to
the presence of transplanckian Landau poles in the Abelian hypercharge and
Higgs-Yukawa sector, indicating a nonperturbative triviality problem. New
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physics at high scales, therefore, has to exist.
In this paper, we parameterize the new physics in a very simple form,
by adding a linear (dimension-like) term to the beta function of each cou-
pling. We assume independence of internal symmetries, and therefore pa-
rameterize the contribution to all gauge couplings by a parameter fg and
the contribution to all Yukawa couplings by a second parameter fy. A key
message of this paper is that such a simple addition could suffice to induce
an ultraviolet completion of SM-like quark-gauge systems. Moreover, such
a UV-completion could exhibit an enhanced predictive power compared to
that of an effective field theory with the same couplings.
In particular, a correction of the beta function of the Abelian gauge cou-
pling gY of the form
βY = β
SM
Y − fg gY , (1)
would generate a nontrivial Fixed Point (FP), that can be taken as a well-
defined UV starting point for the flow of gY , thereby solving the problem
of its Landau pole, or, more accurately, its triviality problem. Further, we
consider a similar modification for the Yukawa couplings yi, schematically
βyi = β
SM
yi
− fy gi. (2)
The two quantities fg and fy parameterize new physics in a minimal form.
For the results in this paper, the specific new-physics interpretation of these
terms is not critical. The most obvious new physics that could give rise to
such terms is gravity7. Indeed, there are hints that gravity changes the RG of
the SM by universal terms as in Eq. (1) and Eq. (2). In this context, univer-
sality refers to independence from any internal symmetries, i.e., these terms
are the same, e.g., for Abelian and non-Abelian gauge couplings. Due to the
dimensionful nature of the Newton coupling, it is well-known that universal-
ity in the sense of scheme-independence does not hold for these terms even at
leading order (in contrast to the dimensionless SM couplings, where scheme-
dependence sets in at three loops). The lack of universality also implies that
the physical momentum dependence of the theory is not necessarily reflected
in a corresponding dependence on the RG scale. This has been discussed,
e.g., in [20, 21], following a debate in the literature regarding the physical
implications of gravity in one-loop perturbation theory, see also [22, 23].
7Gravity is among the “oldest” physics that one can think of, but here we stick to the
particle-physics–centric view that everything that is not in the SM counts as “new”.
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For the gauge sector, the quantum-gravity contribution comes in the form in
Eq. (1), see, e.g., [8, 10, 24–27]. A similar modification has been found
to occur also for the Yukawa couplings [9, 23, 28–34]. Within a Wilso-
nian approach to the RG, such contributions have important implications
for the number of free parameters of the theory. Considerable evidence has
been gathered, indicating that Euclidean quantum gravity might be asymp-
totically safe. Following the pioneering work of [35], the occurrence of an
interacting, asymptotically safe, fixed point in the UV has been studied ex-
tensively in the last two decades, see, e.g., [36–45] as well as [46–49] for
introductory literature. The corresponding results make asymptotically safe
quantum gravity a candidate for a description of quantum gravity within a
quantum-field theoretic framework and without the need to introduce addi-
tional fields except for the metric. The impact of quantum fluctuations of
matter on gravity has been explored, e.g., in [50–57], providing evidence that
the matter content of the SM affects the gravitational FP without destroying
it. Conversely, there are indications that quantum gravity fluctuations can
affect matter couplings, see, e.g., [7–11, 25–27, 31–34, 55, 58] and generate a
predictive UV completion, as indicated above.
In the context of asymptotically safe gravity, the key challenge is to deter-
mine fixed-point values for fg and fy. fg ≥ 0 holds in the entire gravitational
parameter-space in the Einstein-Hilbert truncation, unless one chooses an
unphysical, negative value of the Newton coupling [27, 55], see [58] for the
generalization beyond Einstein-Hilbert. fy > 0 is a significant restriction
of the parameter space [9, 32, 34]. One can view this as an observational
restriction of the microscopic gravitational parameter space that arises from
observations of nonzero fermion masses at the electroweak scale. A quan-
titatively precise determination of the two parameters fg and fy from first
principles has not been possible so far.
Although asymptotically safe gravity is a potential motivation for our
ansa¨tze for a UV completion of the SM, for the purpose of the present in-
vestigations we can remain agnostic about the origin of the new terms in the
beta functions. It is not necessary to specify the novel new-physics generating
them. The new physics can be parameterized in a very minimalistic form by
fg and fy. Whatever their origin, these terms give rise to nontrivial FPs and
the RG trajectories that originate from them are said to be “renormalizable”
or “asymptotically safe”. This is relevant to low-energy physics because the
couplings that run along such trajectories are more constrained than those
of a generic EFT or even a perturbatively renormalizable theory such as the
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SM. As we shall discuss, this can give rise to predictions for some of the free
parameters of the SM.
Apart from the postulated linear terms, our analysis of the RG flow is
based on the standard perturbative one- and two-loop beta functions.
It is important that we do not make any assumptions about the actual
values of the couplings. The differences between the various low-energy values
of Yukawa couplings arise as a consequence of the properties of the RG flow.
To explain this point let us call “theory space” the space parameterized by
all the SM couplings8. The permutation group of three elements, S3, acts
on theory space by interchanging the Yukawa couplings of the three up-type
quarks and those of the three down-type quarks among themselves, and the
beta functions are invariant under this action, see Sec. 5. In particular,
the pattern of FPs and the flows emanating from them are permutation-
symmetric. It is the choice of an RG trajectory that necessarily breaks the
symmetry described by this group. There are actually two distinct ways
in which this can happen. The Yukawa couplings could all be degenerate
at the FP, for example, they could all be asymptotically free. Then, the
FP that describes the UV theory is permutation symmetric, and in order
to be phenomenologically viable, the symmetry must be broken by the flow
to the infrared. In practice, this amounts to choosing non-symmetric initial
conditions for the flow in the vicinity of the fixed point at some very high
scale. A more interesting possibility is that the FP which provides the UV
completion of the theory is itself not permutation-symmetric, but is part of
a multiplet of FPs that are interchanged under permutations. In this case,
it is the choice of UV completion that breaks generation symmetry and this
remains imprinted on the couplings all the way to the infrared.
A separate issue is the breaking of the degeneracy within each weak
doublet. Since the up- and down-type quarks have different values of the
hypercharge, this occurs automatically when the FP lies at nonvanishing
hypercharge coupling gY .
Throughout the paper, we consider only the running of the Yukawa cou-
plings and the mixing of quarks. We expect that analogous phenomena will
happen also in the lepton sector, but we leave this for future investigation.
8In principle, as in EFT, one should consider also the perturbatively non-renormalizable
couplings. For the present purposes, it will be enough to consider only the dimensionless
ones.
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However, the contribution of leptons to the beta functions of the gauge cou-
plings is taken into account, so that the beta functions that we consider in the
gauge sector are the physically relevant ones, except for tiny higher-loop cor-
rections due to lepton Yukawa couplings that we set to zero. We also neglect
any self-interactions of the Higgs field. This is expected to be a robust ap-
proximation for the fixed-point structure in the gauge-Yukawa system, but it
leaves open the question of whether the fixed-point structures observed here
can be combined with a phenomenologically viable RG flow for the Higgs
self-interactions. Furthermore, we do not take into account any new physics
between the electroweak and Planck scale, which may be required to explain
other puzzles, such as dark matter or the matter-antimatter asymmetry of
the universe. Our qualitative results are expected to extend to settings with
minimal extensions of the SM, such as, e.g., put forward in [59] to account
for the aforementioned observations.
This paper is structured as follows: In Sec. 2, we explain how the addition
of linear terms to the beta functions for a single family solves the Landau-
pole problems by inducing interacting fixed points. We further review how
the difference between top and bottom Yukawa coupling becomes calculable
at all scales, as first proposed in [11].
In Sec. 3, we provide the full beta functions with the new-physics contri-
bution, and we eliminate the redundant couplings to derive the beta functions
for the physically essential couplings only.
In Sec. 4, we discuss a toy model with two generations. This serves
as a preparation for the phenomenologically relevant three-generation case.
We highlight differences in fixed-point structures between the case with and
without mixing, and discuss an example of phenomenologically viable flows,
which reproduce the qualitative flavor-structure of the two heaviest gener-
ations of quarks in the SM. We also point out that unitarity of the CKM
matrix is a key piece of nonperturbative information that imposes further
restrictions on the flow of couplings, thereby generating flavor structure at
low energies. Specifically, pole-structures in the flow of the CKM matrix ele-
ments result in upper bounds on otherwise unconstrained Yukawa couplings.
In that section, we also discuss the theoretical viability of the fixed points in
light of the fact that we work with one-loop beta functions throughout the
rest of the paper.
Sec. 5, contains our results on three generations. We first discuss fixed
points of the CKM matrix, and then use these as input for the gauge-Yukawa
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system. We find that the results from [11] can be extended to three genera-
tions and qualitatively reproduce the observed flavor and mixing structure.
The low-energy value of the Abelian gauge coupling, the top Yukawa and
the bottom Yukawa coupling are fixed uniquely at all scales in terms of the
parameters fg and fy. A precise quantitative agreement with the values of
these couplings inferred from measurements cannot be achieved for an exact
fixed-point trajectory emanating from a fixed point at non-vanishing Yukawa
couplings. Additionally, the values of all the other quark Yukawa couplings
are bounded from above.
We draw conclusions and point out avenues for future work in Sec. 6.
Several technical aspects have been deferred to appendices including a study
of a special case of flavor-sensitive new physics in Appendix D.
2. UV completion and predictive fixed points
The SM is not UV complete due to Landau poles in the U(1) gauge
coupling [60] and the Higgs-Yukawa sector [14]. Beyond perturbation theory,
there are no indications for a nonperturbative UV completion [61–63], so
that the SM suffers from the triviality problem. This is a consequence of the
marginally irrelevant nature of the U(1) and Yukawa couplings.
A minimal modification of the RG of the SM that renders it UV complete
consists in adding to the beta function of each coupling a term linear in the
coupling itself. These terms dominate over the one- (and higher-loop) term
for small couplings. Since such terms are not present in the SM in four
dimensions, we must assume that they are only present beyond some mass
threshold MNP. They parameterize the effect of new physics in a general
form, without specifying the nature and number of the additional fields.
In the rest of this section, we discuss the beta functions for a drastically
simplified version of the SM, consisting only of the top-bottom-U(1) system,
including the new terms. More precisely, we assume the full particle content
of the SM when determining the running of the U(1), but we set to zero the
SU(2) and SU(3) gauge couplings as well as yu, yd, yc and ys and the lepton
Yukawa couplings. This is sufficient to highlight the salient features of the
new-physics setting we explore here, extending the study in [11]. The beta
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functions at one loop are
βyt =
yt
16pi2
(
9
2
y2t +
3
2
y2b −
17
12
g2Y
)
− fy yt, (3)
βyb =
yb
16pi2
(
9
2
y2b +
3
2
y2t −
5
12
g2Y
)
− fy yb, (4)
βgY =
g3Y
16pi2
41
6
− fg gY , (5)
Herein, fy and fg parameterize the new physics, and we assume that
fy =
{
0, k < MNP
const, k ≥MNP,
(6)
fg =
{
0, k < MNP
const, k ≥MNP.
(7)
MNP is the mass-threshold at which the new physics becomes important and
k is the RG scale. In line with the view advocated in the introduction,
MNP  246 GeV is of particular interest, and we will choose MNP = MPlanck
throughout this paper. The requirement that fg = const, fy = const beyond
MNP can be realized if the new physics is scale-invariant. The idea that scale
invariance could be crucial to understand the SM goes back to work in the
1980’s [5, 6, 64–66], but has been gaining new traction since the discovery
of the Higgs at 125 GeV, which can be interpreted as a hint for a scale-
invariant dynamics at high scales [67–75], see [76, 77] for an extrapolation
of the current experimental status to the Planck-scale Higgs-potential. Scale
symmetry, dynamically achieved at an interacting fixed point of the RG,
may lead to an enhanced predictive power: the breaking of scale-symmetry
by the RG flow is encoded in just a few free parameters, namely the relevant
couplings, while all other couplings are (in principle) calculable.
If the new physics antiscreens the gauge and Yukawa couplings, i.e., fg > 0
and fy > 0, it renders the model UV complete. The competition between the
antiscreening new-physics terms and the screening one-loop terms leads to
additional structure in the beta functions, namely interacting fixed points.
This provides an option for a UV completion beyond asymptotic freedom. It
is achieved at a non-vanishing value of some of the SM couplings, where the
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new contribution and the one-loop (or resummed higher-loop) contribution
can balance out. Specifically, the above system possesses eight fixed-point
solutions admitting non-negative values for suitable choices of fg and fy. The
four with an asymptotically free hypercharge coupling are 9
yt ∗ = 0 , yb ∗ = 0 , gY ∗ = 0 , (8)
yt ∗ =
4pi
3
√
2fy , yb ∗ = 0 , gY ∗ = 0 , (9)
yt ∗ = 0 , yb ∗ =
4pi
3
√
2fy , gY ∗ = 0 , (10)
yt ∗ =
4pi
3
√
3fy
2
, yb ∗ =
4pi
3
√
3fy
2
, gY ∗ = 0 . (11)
The first fixed point is the free fixed point. For the case fg = 0 = fy, it is
the only fixed point and is IR attractive in all three directions, rendering the
system trivial. The second fixed point has been explored in [9]. The four
fixed points with an asymptotically safe hypercharge coupling are given by
yt ∗ = 0 , yb ∗ = 0 , gY ∗ = 4pi
√
6 fg
41
, (12)
yt ∗ =
4pi
3
√
2fy +
17 fg
41
, yb ∗ = 0 , gY ∗ = 4pi
√
6 fg
41
, (13)
yt ∗ = 0 , yb ∗ =
4pi
3
√
2fy +
5 fg
41
, gY ∗ = 4pi
√
6 fg
41
, (14)
yt ∗ =
4pi
3
√
3fy
2
+
69 fg
164
, yb ∗ =
4pi
3
√
3fy
2
− 3fg
164
, gY ∗ = 4pi
√
6 fg
41
. (15)
The first of these four fixed points has been discussed in [10] (and its coun-
terpart in QED in [8]) and the last fixed point in [11].
We aim at further exploring whether a nontrivial fixed-point structure can
generate the differences between the quark masses in the SM. Therefore, we
draw attention to two sources of symmetry-breaking in the yt, yb subsystem:
i) At vanishing gY , yt and yb can be different only if one of them vanishes while
the other is non-zero, but the combined fixed-point structure in Eq. (8)-(11)
is symmetric under the mapping yt ↔ yb. In particular, at the fixed point
9Here and in the following fixed-point values for couplings are denoted by a ∗ in the
subscript.
9
in Eq. (11), where yt and yb are both non-vanishing, their values are equal.
Nevertheless, the choice of fixed point can break the yt ↔ yb symmetry.
ii) As the top and bottom quarks have different Abelian charges, any fixed
point with non-vanishing value for the hypercharge coupling, gY ∗, necessarily
leads to different values of yt ∗ and yb ∗. In particular, this holds for the fixed
point in Eq. (15), where the three fixed-point values satisfy the following
relation [11]
y2t ∗ − y2b ∗ =
1
3
g2Y ∗ . (16)
This relation shows that a finite fixed-point value for the Abelian gauge
coupling automatically results in a difference between the two Yukawa cou-
plings, with the top Yukawa coupling being larger (unless it is set to zero at
the fixed point) due to its larger Abelian charge. This ordering of the two
Yukawa couplings is realized phenomenologically.
Realizing such a difference between Yukawa couplings in the fixed-point
regime does not automatically entail that it is necessarily imprinted on IR
physics. To decide whether this is the case, one needs to explore the flow
away from the fixed point.
Any of the above fixed points can be chosen as the UV starting point
of an RG flow, i.e., they all define theoretically viable microscopic theories.
Depending on the number of IR attractive directions, the fixed points can
provide a first-principles derivation of three, two, one or none of the IR
values, either in agreement or disagreement with observation. Specifically,
the linearized flow in the vicinity of a fixed point takes the form
zI = cI
(
k
k0
)−θI
, (17)
where zI are suitable linear combinations of the distance of couplings to their
fixed-point values, k0 is a reference scale, and the θI scaling exponents. For a
weak-coupling fixed point, the matrix relating the zI to the couplings is to a
good approximation diagonal and the zI essentially correspond to gY − gY ∗,
yt−yt ∗ and yb−yb ∗. The scaling exponents are (minus) the eigenvalues of the
stability matrix, which consists of the first derivatives of the beta functions
at the fixed point, i.e.,
θI = −eig
(
∂βgi
∂gj
) ∣∣∣
~g=~g∗
, (18)
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where we have summarized all couplings of the system in the vector ~g. The
linear combinations zI of the deviations gi − gi∗ are correspondingly related
to the eigenvectors of the stability matrix.
If an RG trajectory approaches a FP in the IR limit, then every IR
attractive (“irrelevant”) direction provides one prediction of an IR value of a
coupling. This follows as quantum fluctuations drive the coupling towards its
fixed-point value. This is the mechanism that was invoked in [5, 6]. However,
irrelevant directions give predictions also when a trajectory emanates from
a FP in the UV. This is because a trajectory can only depart from a FP
if its tangent vector has overlap with a relevant (IR repulsive) directions.
More intuitively, a small deviation from the fixed-point value along a relevant
direction grows under the RG flow to the IR, as one sees from Eq. (17) with
θI > 0. Conversely, a small deviation from the fixed-point value along an
irrelevant (IR attractive) direction is driven back to zero by the RG flow, as
an inspection of Eq. (17) with θI < 0 reveals. Thus, the deviation from the
fixed-point value for a relevant coupling can be chosen freely, introducing a
free parameter into the low-energy dynamics. Conversely, the deviation from
the fixed-point value for an irrelevant coupling cannot be chosen freely. In
some cases, it has to stay at its fixed-point value for all scales. Typically,
irrelevant couplings deviate from their fixed-point values, but only as they are
driven away from the fixed point due to the flow in the relevant directions10.
For the system at hand, the signs of the scaling exponents follow a simple
pattern: If fg and fy are both positive, i.e., the new-physics effect is anti-
screening, then the free fixed point is IR repulsive in all three directions.
Accordingly, for a trajectory emanating from this FP, no predictions can be
made about the IR values of the couplings. For the FPs considered here,
every nonzero coupling gives rise to an IR-attractive direction. This fol-
lows from the mechanism that generates these fixed points: An antiscreening
contribution dominates for gi < gi ∗, whereas a screening one dominates for
gi > gi ∗. This implies a growth of the coupling during the RG flow to the
IR for gi < gi ∗ and a decrease of the coupling for gi > gi ∗, rendering gi ∗ an
IR attractive point. Therefore, a fixed point with one (two) [three] non-zero
couplings entails one (two) [three] predictions.
10Note that these considerations apply separately to the UV and IR behavior and even
if an RG-trajectory passes close to an intermediate fixed point. Thus, the predictive power
of irrelevant directions of several fixed points can accumulate.
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Figure 1: We choose fy = 1/400 and set gY = 0 to show the flow in the (yt, yb) plane. The
separatrices connecting the partially interacting to the fully interacting fixed point result
in upper bounds on the low-energy values of the Yukawa couplings even for trajectories
starting from the free fixed point, where the IR values of both Yukawa couplings correspond
to free parameters.
In Eqs. (3)-(5), the predictions for the IR values are exactly the fixed-point
values. Once the strong and SU(2) gauge coupling are added to the system,
there is a slow flow already beyond MNP, driven by the non-Abelian gauge
couplings which emanate from their free fixed point and increase towards the
IR. The value of a coupling with nonzero fixed-point value is fixed at MNP,
providing a unique initial condition for the RG flow in the SM below MNP.
This translates into a calculation of the corresponding value of the coupling
at the electroweak scale from first principles.
Beyond the predictions of IR values, the fixed-point structure in Eq. (8)-
(15) has additional consequences: The individual fixed points cannot be con-
sidered in isolation with regard to their consequences in the IR. For instance,
by exploring only the Gaussian fixed point Eq. (8) while neglecting the exis-
tence of further fixed points, one would draw the erroneous conclusion that
no statements can be made about achievable IR values. Yet, the (partially)
interacting fixed points Eqs. (9)-(15) actually shield all IR values yt > yt crit,
yb > yb crit and gY > gY crit from the free fixed point, as the RG flow cannot
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cross the separatrices connecting the various fixed points, cf. Fig. 1. Here,
the (interconnected) critical IR values gY crit etc are those IR values reached
on a trajectory emanating from the interacting fixed point. Accordingly,
the fixed-point structure imposes globally valid upper bounds, as has been
discussed in [9, 10].
It has already been observed in [5, 6, 64, 65] that it could be possible
to explain structures in the SM from fixed points of the RG. For instance,
a minimally mixing form of the CKM matrix actually corresponds to an IR
attractive fixed point, at least for the phenomenologically relevant ordering
of Yukawa couplings [5]. The predictive power of partial IR attractive fixed
points in the SM has also been noted for the ratio of the top-Yukawa coupling
to the strong gauge coupling in [5, 6, 64].
More recently, the idea of interacting RG fixed points with and without
quantum gravity has received more attention. In particular, [78] has triggered
studies of gauge-Yukawa systems in four dimensions which exhibit asymptotic
safety due to a cancellation of the one-loop versus the higher-loop terms [79–
83]. Our study is complementary, in the sense that we explore a different
mechanism for asymptotic safety, see also [48] for an overview of fixed-point
mechanisms including examples.
3. Beta functions for Yukawa couplings and CKM matrix elements
The beta functions for the Yukawa couplings are calculated in the flavor
basis, in which the interactions of the fermions with the Higgs field have the
form
−qLH YD dR − qL H˜ YU uR,
where qL are the left-handed quark doublets, dR and uR are the right-handed
down-type and up-type quarks, H is the Higgs doublet and H˜ = iσ2H
∗
with the second Pauli matrix σ2. In this basis, the Yukawa couplings are
represented by the Ng ×Ng matrices YU and YD, where Ng is the number of
generations, and we are suppressing generation indices.
The one-loop beta functions for these Yukawa matrices are given by (the
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two-loop beta functions are given in Appendix C):
βYU =
1
16pi2
[
3
2
YUY
†
UYU −
3
2
YDY
†
DYU + 3 Tr
(
YUY
†
U + YDY
†
D
)
YU
−
(
17
12
g2Y +
9
4
g22 + 8g
2
3
)
YU
]
− fy YU , (19)
βYD =
1
16pi2
[
3
2
YDY
†
DYD −
3
2
YUY
†
UYD + 3 Tr
(
YUY
†
U + YDY
†
D
)
YD
−
(
5
12
g2Y +
9
4
g22 + 8g
2
3
)
YD
]
− fy YD . (20)
Here, g2 and g3 are the SU(2) and SU(3) gauge couplings, respectively. We
also included the linear terms coming from new physics, which we assume to
be completely independent of the generation indices. This is natural in the
case of gravity, but it is obviously not the most general case11.
Some of these couplings are redundant, in the sense that they can be
eliminated from the Lagrangian by field redefinitions. Being inessential, they
are not required to reach a FP in order to achieve UV completeness. It is,
therefore, necessary, in the discussion of the RG, to separate the essential
from the redundant couplings. This is achieved by going to the mass basis.
To diagonalize the matrices MU = YUY
†
U and MD = YDY
†
D, we introduce
two unitary matrices U and D, such that
diag(y2u, y
2
c , y
2
t ) = U MU U
† , (21)
diag(y2d, y
2
s , y
2
b ) = DMDD
† . (22)
This provides us with the CKM-matrix elements which enter in the elec-
troweak currents, i.e., the couplings of W± to the quarks, defined by
V = U D† =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb
 . (23)
11See Appendix D for a discussion of more general ansa¨tze for the new-physics param-
eterizing terms.
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From Eqs. (19) and (20), we can derive the scale-dependence of the CKM-
matrix elements as well as that of the Yukawa couplings yi.
The key point to use in the derivation of βyi is the unitarity of U and D,
which implies that
U∂tU
† + (∂tU)U † = 0, D∂tD† + (∂tD)D† = 0. (24)
From Eq. (21), we obtain that
[diag(y2u, y
2
c , y
2
t ), (∂tU)U
†] + ∂t diag(y2u, y
2
c , y
2
t ) = U(∂tMU)U
†, (25)
where we used Eq. (24) to obtain the commutator. As the matrix diag(y2u, y
2
c , y
2
t )
is diagonal, the commutator term is purely off-diagonal and therefore does
not contribute to the beta functions of the Yukawa couplings yi.
Next, we need to rewrite U(∂tMU)U
† for which we make use of the fol-
lowing identities
UTr(MU)U
† = I TrMU = I Tr(U †UMU) = I
(
y2u + y
2
c + y
2
t
)
, (26)
U(MU)
2U † = UMUU †UMUU † =
(
diag(y2u, y
2
c , y
2
t )
)2
, (27)
UMDMUU
† = UD†diag(y2d, y
2
s , y
2
b )DU
†diag(y2u, y
2
c , y
2
t )
= V diag(y2d, y
2
s , y
2
b )V
†diag(y2u, y
2
c , y
2
t ). (28)
From the diagonal entries in Eq. (25), we obtain the beta functions for
the Yukawa couplings as
βyi =
yi
16pi2
(
3
∑
j
y2j + 3
∑
ρ
y2ρ −
(
17
12
g2Y +
9
4
g22 + 8g
2
3
)
+
3
2
y2i
−3
2
∑
ρ
y2ρ|Viρ|2
)
− fy yi, (29)
βyρ =
yρ
16pi2
(
3
∑
j
y2j + 3
∑
α
y2α −
(
5
12
g2Y +
9
4
g22 + 8g
2
3
)
+
3
2
y2ρ
−3
2
∑
i
y2i |Viρ|2
)
− fy yρ, (30)
where a Latin index on a Yukawa coupling denotes an up-type Yukawa cou-
pling, i.e., u, c, t, and a Greek index signals a down-type Yukawa coupling,
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i.e., d, s, b. The fact that the beta function for each Yukawa coupling is pro-
portional to the respective Yukawa coupling is a consequence of the chiral
symmetry in the quark sector. It signals that Yukawa couplings are not
generated by the RG flow if they are set exactly to zero at some scale.
Next, we derive the flow of the CKM matrix elements, as in [66, 84–86].
To that end, we consider the off-diagonal elements in Eq. (25), which can be
written as(
(∂tU)U
†)
ij
(31)
= − 1
16pi2
3
2
(
V † · diag(y2u, y2c , y2t ) · V
)
ij
diag(y2d, y
2
s , y
2
b )j + diag(y
2
d, y
2
s , y
2
b )i
diag(y2d, y
2
s , y
2
b )i − diag(y2d, y2s , y2b )j
,
where no summation over the repeated indices i, j is performed. The non-
trivial structure in the denominator arises from the commutator term in
Eq. (25), which follows directly from the unitarity of U . We observe that
the diagonal entries of the right-hand side of Eq. (31) are purely imaginary,
due to Eq. (24). Therefore, the corresponding terms drop out when ∂t|V |2
is evaluated. Using Eq. (31), its hermitian conjugate, and the corresponding
equation for (∂tD)D
† as well as its hermitian conjugate, we arrive at
β|Viρ|2 = −
3
2
(∑
σ,j 6=i
y2i + y
2
j
y2i − y2j
y2σ
(
ViσV
∗
jσVjρV
∗
iρ + V
∗
iσVjσV
∗
jρViρ
)
+
∑
j,σ 6=ρ
y2ρ + y
2
σ
y2ρ − y2σ
y2j
(
V ∗jσVjρViσV
∗
iρ + VjσV
∗
jρV
∗
iσViρ
))
. (32)
We obtain the result that the new-physics contribution vanishes from the flow
of the CKM-matrix elements. This is a consequence of the flavor-universality
that we assume in Eqs. (19) and (20).
The parameters yi, yρ and |Viρ|2 form a coordinate system for a subset
of the original theory space, defined by yi 6= yj and yρ 6= yσ. When one
approaches a point with yi = yj or yρ = yσ for some i, j, ρ, σ, the beta func-
tion (32) diverges. The only exceptions are the points where the degenerate
Yukawas are zero. Such points can be continuously approached from almost
any direction. For example, the hypersurface defined by yu = yc = 0 (with
all other Yukawas nonzero and nondegenerate) can be approached along any
line of the form yu(t) = a t, yc(t) = b t, as long as a 6= b. This underlies, e.g.,
the analysis in [5], where this point is approached from a phenomenologically
relevant direction.
16
If some up- or down-type Yukawa couplings are degenerate, there is no
way to distinguish the corresponding quarks. Then, there are additional
unitary field redefinitions that can be used to remove some elements of the
CKM matrix. Thus, the dimensionality of the space of essential couplings
is actually smaller on the hypersurfaces defined by these degeneracies. In
particular when all the up- or down-type Yukawas are equal, the whole CKM
matrix is redundant and can be set to one. From Eqs. (19) and (20) we see
that this condition is preserved by the flow.
The one-loop flow features two invariant combinations [87–89]
I(1) =
Tr(MUMD)
(det(MUMD))1/Ng
, I(2) = Tr((MUMD)
−1)(det(MUMD))1/Ng . (33)
As discussed in Appendix A, the existence of these invariants implies linear
relations between the beta functions for Yukawa couplings. As we shall see
in Sec. 4, these relations lead to the appearance of lines and planes of fixed
points.
4. Two-generation model
The two-generation system, which in our case consists of the second and
the third generation, features only one independent mixing angle. It can be
obtained by restricting to the appropriate “lower” submatrix of the three-
generation CKM matrix and implementing unitarity. The matrix of the
squared moduli of the CKM matrix elements is written, leaving only one free
parameter W , as
[
{|Vij|2}
]
=
 W 1−W
1−W W
 . (34)
This makes evident that W is related to the mixing angle via W = cos2 θ23.
The beta function for the mixing parameter W is given by
βW =
3
16pi2
W (W − 1)
[
(y2t + y
2
c )
y2b − y2s
y2t − y2c
+ (y2b + y
2
s)
y2t − y2c
y2b − y2s
]
.
(35)
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4.1. Fixed-point structure
Assuming that the gauge couplings take fixed-point values at gY ∗ =
4pi
√
4 fg / 41 and g2∗ = 0 = g3∗, we discuss the fixed-point structure of
the Yukawa couplings and mixing parameter W (details can be found in Ap-
pendix B). As was already observed in [5], Eq. (35) implies an IR attractive
fixed point at W = 1 as long as y2t > y
2
c and y
2
b > y
2
s (or y
2
t < y
2
c and y
2
b < y
2
s).
On the other hand, the fixed point at W = 0 is IR repulsive. This conclusion
persists in our setting since the beta function for the CKM-matrix element
does not contain the BSM contributions.
Due to the permutation symmetries t ↔ c and b ↔ s, the fixed points
always appear in quartets, the physically most interesting one being shown
in Table 1.
# y2t∗/
(
15
615
pi2
)
y2c∗/
(
15
615
pi2
)
y2b∗/
(
15
615
pi2
)
y2s∗/
(
15
615
pi2
)
W∗
1a 41 (fg + 2fy) 0 −19fg + 82fy 0 0
1b 41 (fg + 2fy) 0 0 −19fg + 82fy 1
1c 0 41 (fg + 2fy) 0 −19fg + 82fy 0
1d 0 41 (fg + 2fy) −19fg + 82fy 0 1
Table 1: Displayed is an example for a quartet of fixed-point solutions, for details see
text. (Note that a common factor in the y2i∗ has been divided out.)
The solutions 1a, 1b, and the solutions 1c, 1d are related among them-
selves by the intergenerational permutation b↔ s, which changes W∗ = 0 to
W∗ = 1.
Case 1a is the only phenomenologically viable one within this quartet, by
the following argument: We find that g2Y ∗ =
96
41
fgpi
2 requires fg > 0. In order
to avoid negative values for the y2i∗, it must hold that fy ≥ 1982fg ≥ 0. Due to
the poles in the beta function for W , the ordering of Yukawas cannot change
under the flow. Thus, a phenomenologically viable fixed point must realize
y2t∗ > y
2
c∗ and y
2
b∗ > y
2
s∗. The first condition excludes the solutions 1c and 1d,
the second 1b and 1c. As further discussed in Appendix B, all other FPs
can also be discarded as phenomenologically uninteresting. In the following
subsection, we will discuss the phenomenology of the FP 1a in some more
detail.
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4.1.1. Without mixing
It is instructive to first analyze the beta functions for the Yukawa cou-
plings without mixing. For the present discussion we choose the case without
permutation, i.e., W = 1. The beta functions for the top and the bottom
Yukawa then read
βyt =
yt
16pi2
(
9
2
y2t +
3
2
y2b + 3y
2
s + 3y
2
c −
9
4
g22 − 8g23 −
17
12
g2Y
)
− fy yt, (36)
βyb =
yb
16pi2
(
9
2
y2b +
3
2
y2t + 3y
2
s + 3y
2
c −
9
4
g22 − 8g23 −
5
12
g2Y
)
− fy yb. (37)
Correspondingly, those for the strange, ys, and the charm, yc, are obtained
by the pairwise interchange (t, b)↔ (c, s).
Choosing ys ∗ = 0 = yc ∗ admits the fixed points for the top and bottom
Yukawa couplings which have been discussed in Sec. 2 for the one-generation
case. Concentrating on the non-trivial fixed point given in the last row of
Eqs. (15), yc corresponds to an IR repulsive direction, and ys to an IR at-
tractive one. Combining this with the fact that vanishing mixing and no
permutation already constitutes a partial IR attractive fixed point, this fixed
point produces a roughly viable phenomenology: Top and bottom masses
and the Abelian gauge coupling are predicted in the vicinity of their mea-
sured values as in Ref. [11] because the corresponding flows do not deviate
significantly from those in the system with only the third generation. The
measured mass of the charm can be accommodated in such a setting but is
not predicted. The above assumption of no mixing is self-consistent because
the mixing matrix remains exactly diagonal at all scales. Due to the irrele-
vance of the strange Yukawa coupling, this fixed point would imply a massless
strange quark in contradiction to the observed small ratio ms/mt ≈ 6 · 10−4
valid for scales well above one GeV12. As a leading-order result, the pre-
diction ms/mt = 0 might appear to be a reasonable first approximation of
the tiny ratio ms/mt ≈ 6 · 10−4. However, the additional global symmetry
rotating the strange-quark at ys = 0 implies that ys = 0 is a symmetry-
protected point. Thus, the values ms/mt ≈ 6 · 10−4 and ms/mt = 0 are
12The present analysis is only a leading-order one in perturbation theory. Therefore, the
dynamically generated quark masses present in the strongly interacting domain of QCD,
i.e., at sub-GeV scales, cannot be described at all. Thus, in the present context, infrared
values of scales still mean multi-GeV scales. For most calculations, we terminated the flow
towards the infrared at a scale k = 173 GeV.
19
qualitatively distinct. To drive ys away from zero, additional new physics as,
e.g., mixing, is necessary. Whether the present setting can be extended by
a suitable new-physics correction that corrects the prediction ms/mt = 0 to
ms/mt ≈ 6 · 10−4 is an intriguing open question.
4.1.2. With mixing
Taking into account the running of the mixing parameter, the system of
beta functions for the Yukawa couplings is modified to
βyt =
yt
16pi2
(
9
2
y2t +
3
2
y2b (2−W ) +
3
2
y2s (1 +W ) + 3y
2
c −
9
4
g22 − 8g23
−17
12
g2Y
)
− fy yt, (38)
βyb =
yb
16pi2
(
9
2
y2b +
3
2
y2t (2−W ) + 3y2s +
3
2
y2c (1 +W )−
9
4
g22 − 8g23
− 5
12
g2Y
)
− fy yb. (39)
Again, the beta functions for the quarks of the second generation are obtained
by the interchange (t, b)↔ (c, s).
Even at ys ∗ = 0 = yc ∗ the inclusion of the mixing terms has a crucial
consequence for the scaling exponents: At the W = 0 fixed point, the size
of the screening contribution of the top Yukawa to the beta function for the
strange Yukawa is halved in comparison to the case with W = 1. This change
is sufficient to make the fixed point at ys = 0, W = 0 IR repulsive in ys.
Accordingly, finite IR values of the strange Yukawa can be accommodated.
Due to the mixing, the fixed-point values of the top and bottom Yukawa
change to (in comparison with Eq. (15))
yt ∗ =
4pi√
15
√
2fy + fg, yb ∗ =
4pi√
615
√
82fy − 19fg , (40)
where fg is fixed in terms of the IR-value of the gauge coupling. Requiring yb
to be relatively small, implies that fy is only marginally larger than (19/82)fg.
This results in a fixed-point value yt ∗ in the vicinity of
4pi
√
fg(1+19/41)√
15
≈ 0.39.
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This should be compared to the fixed-point value yt ∗ ≈ 0.27 in [11]. While the
flow is slightly different in the present case, all changes to the beta function
for the top Yukawa coupling are sub-leading. Therefore, the larger fixed-
point value yt ∗ translates into a somewhat larger top mass.
In Fig. 2 we show the RG flow of the Yukawa couplings starting from fixed
point 1a of Table 1, i.e., the fixed point with mixing discussed above. The IR
values of the couplings are extracted at kIR = 173 GeV. The SU(2) and SU(3)
gauge coupling, which are aligned with relevant directions of the fixed point,
take the values g2(kIR) ≈ 0.648 and g3(kIR) ≈ 1.17. We choose fg = 9.7·10−3,
resulting in gY (kIR) ≈ 0.358. The IR value of the CKM matrix element is
W (kIR) ≈ 0.999. Further, we choose fy = 2.248 · 10−3. The IR values
of the Yukawa couplings are yt(kIR) ≈ 1.1, yb(kIR) ≈ 2.4 · 10−2, yc(kIR) ≈
7.4·10−3, ys(kIR) ≈ 5.6·10−4. A tree-level conversion to current quark masses
suffices for our purposes, with the exception of the top mass, for which we do
a one-loop matching [90–92]. It gives Mt ≈ 193 GeV, Mb ≈ 4.2 GeV, Mc ≈
1.3 GeV and Ms ≈ 97 MeV. The quark masses agree with their measured
SM-values, except for the top quark. In summary, allowing mixing in the
quark sector provides the possibility to accommodate the measured strange-
mass, while changing the fixed-point value for the top so that the prediction
of its mass increases.
4.2. Upper bound on the strange mass
Since the flow of the CKM matrix element has a pole at ys = yb, the
strange-Yukawa coupling is bounded by the bottom Yukawa coupling at all
scales, ys(k) < yb(k). The equivalent statement holds for the charm and the
top Yukawa coupling. Interestingly, at fixed fy, an even stronger bound on
ys (and yc) arises once the other relevant parameters of the system are fixed.
This is a consequence of an interplay between two fixed points. In fact,
the flow exhibits a crossover behavior from an ultraviolet fixed point to an
infrared fixed point, with the latter limiting the IR value of ys. For the pur-
pose of demonstrating the underlying mechanism, we consider a flow starting
from fixed point 1a with yb ∗ 6= 0, ys ∗ = 0,W∗ = 0 in the UV, and reaching the
fixed point 1b, with yb ∗ = 0, ys ∗ 6= 0,W∗ = 1 in the IR. For the mechanism,
it is a key feature that the former fixed point is IR attractive in yb and the
latter in ys and W .
At the above two fixed points 1a and 1b, gY ∗1a ≡ gY ∗1b and yt ∗1a ≡
yt ∗1b correspond to irrelevant directions. To simplify the discussion, we can
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Figure 2: We show the running on a trajectory emanating from the asymptotically safe
fixed point 1a of Table 1, with top (red, continuous), bottom (cyan, dashed), charm
(magenta), strange (orange, dot-dashed), Abelian gauge (green, dot-dashed), strong gauge
(red, dashed) and weak gauge (blue, dashed) couplings. The mixing parameter W (black,
continuous) starts running from zero at very high scales to reach values close to W = 1 at
the electroweak scale. The top mass is overestimated significantly on this trajectory.
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Figure 3: RG flow (towards the IR) in the yb, ys-plane for W = 0 (left panel) and for
W = 1 (right panel). All other couplings are set to their values at fixed point 1a. We
choose fy = 2.55 × 10−3 such that the fixed point 1a (red dot) in yb/s is clearly visible.
For values close to the red line (pole in βW ), the flow transitions from the left to the right
panel which gives an upper bound for ys, even if the flow emanates from fixed point 1a.
therefore assume that gY and yt remain constant for RG flows transitioning
between the two fixed points.
As fixed point 1a is IR repulsive in ys, the flow towards the IR results
in a growth of ys. At an intermediate scale, ys becomes comparable to yb
(close to the diagonal in Fig. 3). At this point, the denominator in the beta
function of W becomes small and W flows towards 1. One is now close to
the diagonal in the right panel of Fig. 3, and ys can only decrease. Due to
the transition of W from 0 to 1, the flow of ys changes its character and
becomes dominated by an IR attractive fixed point. In other words, one
approaches the domain of attraction of fixed point 1b which is IR attractive
for ys. Hence, the value for ys ‘freezes’. As a first conclusion, this results in
an upper bound on ys(kIR).
Next, we consider the value of this bound: Neglecting contributions from
the non-Abelian gauge couplings, ys ∗|1b = yb ∗|1a, the low-energy value of the
strange Yukawa coupling is bounded by the high-energy value of the bot-
tom Yukawa coupling. Taking into account the non-Abelian gauge couplings
results in sub-leading corrections to this equality.
To exemplify this behavior, we plot the flow of yb, ys, and W emanating
from the fixed point (1a) in Fig. 4. gY , yb, and yt are (closely aligned with)
IR-attractive directions of fixed point (1a) and are thus fixed in terms of fg
and fy. We choose fg = 9.7 × 10−3 and fy = 2.247566 × 10−3 such that
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Figure 4: We fix fy = 2.247566×10−3, fg = 9.7×10−3 and choose the non-Abelian gauge
couplings such that their IR values match observations. Among the three couplings shown,
ys and W are relevant at the UV fixed point. As ys increased towards the IR, it triggers
a transition of W to the neighborhood of the fixed point at W∗. In turn, this results in a
change of the flow of ys, which is drawn towards an IR fixed point. The same fixed point
is IR repulsive in yb. As a consequence, below the transition at roughly k = e
2000 GeV, ys
freezes out and yb starts to increase, until both reach phenomenologically viable values in
the IR. This leads to an upper limit for ys which is close to the UV fixed point value of
yb.
gY and yb deviate less than 1% from the infrared tree-level values [93]. As
a consequence, the one-loop matched top quark is about 10% too heavy,
cf. Sec. 4.1.2. We also fix the IR-repulsive directions of fixed point 1a, i.e., yc
and W (as well as g2 and g3), such that they deviate less than 1% from the
IR tree-level values. These values entail a running of ys close to the upper
bound and a transition between the two fixed points, W∗ = 0 and W∗ = 1,
at around k = 101000 GeV.
4.3. Theoretical viability of the fixed-point solutions
Polynomial beta functions generically admit many real solutions, some
of which may be artifacts of the approximation, whereas others are genuine
features of the theory. Understanding the mechanism that generates the fixed
points may help to distinguish the latter from the former.
For example, in the case of the Yukawa couplings, we see from Eqs.
(36,37) that the FPs arise from a balance of an antiscreening contribution,
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Figure 5: We show the one- and two-loop top beta function βyt (magenta and orange-
dashed, respectively), with all other couplings vanishing, and fy = 1/300. Near the one-
loop FP, the one- and two-loop results are actually indistinguishable, and the difference
only arises at much larger values of the coupling. The additional zero that arises from the
two-loop beta function is far beyond the validity of the perturbative approximation.
which is a combination of the term fy and the contribution of the Abelian
gauge coupling, with a screening contribution, arising from quantum fluc-
tuations of the fermions and the Higgs. If we take fy → 0, then for fixed
gauge couplings there could still be a cancellation. However, when we also
let fg → 0, the gauge couplings themselves go to zero. Thus also the fixed
point for the Yukawas must go to zero in this limit. Indeed this is the case
for all fixed points studied here. As we take fy → 0, fg → 0, all fixed points
merge with the free fixed point, as can be seen, e.g., from the expressions
provided in Appendix B.
As long as fg  1 and fy  1, these fixed points lie close enough to
the free fixed point, so that higher-order loop corrections play a subleading
role. In particular, additional zeroes of the beta functions might arise but
are likely to be artifacts of the approximation, as they must lie at larger
values of the couplings and are therefore more likely to be unstable under
the extension to higher loop orders. For the top Yukawa, the situation is
illustrated in Fig. 5.
The situation is different in the case of lines of fixed points. These occur
at one loop as a consequence of the two quantities conserved under the RG
flow, cf. Eq. (A.1). Beyond one loop, the absence of conserved quantities
breaks the corresponding degeneracy of couplings and the lines will reduce
to isolated fixed points or vanish completely. We will, therefore, exclude lines
of fixed points from our analysis. In summary, throughout this paper, we will
report only the one-loop results. For the phenomenologically interesting fixed
points and all plotted RG-flows towards the IR, we have checked that two-
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loop corrections are indeed subleading, see Appendix C for the full set of
two-loop beta functions.
5. Three families
We now turn to the phenomenologically interesting case of three genera-
tions. In Sec. 5.1, we discuss to what extent RG flows can generate hierarchy
patterns of Yukawa couplings. In Sec. 5.2, we analyze the overall mathe-
matical fixed-point structure, while Sec. 5.3 is devoted to RG flows in the
heavy-top limit. The latter is approximately realized by the actual RG tra-
jectory describing the Standard-Model and is sufficient to understand most
aspects of scale invariance for the CKM sector of the SM. We discuss the
resulting phenomenological implications in Sec. 5.4.
5.1. Hierarchies from the Renormalization Group flow
Without any mixing or distinct charges, the fixed-point structure of an
Ng-generation system of Yukawa couplings (i.e., 2Ng fermions) straightfor-
wardly extends the one-generation case, cf. Fig. 1: Each Yukawa coupling
can either be vanishing or non-vanishing at the fixed point. This results in
22Ng possible fixed points. While a single fixed point can exhibit distinct
values of the different Yukawa couplings, the overall fixed-point structure
is symmetric under the exchange of any two fermions and their respective
Yukawa couplings, at least at gY ∗ = 0. At gY ∗ 6= 0, the overall fixed-point
structure is symmetric under exchanges of up-type and of down-type quarks,
only.
The possible RG-flows (cf. Fig. 1 for the example of Ng = 1) connecting the
various fixed points at which at least one Yukawa coupling is non-vanishing,
constitute a (2Ng − 1)-dimensional hypersurface in coupling space. This
hypersurface is IR-attractive and cannot be crossed by the RG flow. It,
therefore, separates the part of theory space in which UV-complete theories
are possible (i.e., the interior of the hypersurface) from non-fundamental the-
ories (outside the boundary). Perturbative initial conditions are generically
attracted to the boundary surface towards the IR.
The boundary hypersurface is rendered non-symmetric under the ex-
change of up-type (hypercharge +2/3) and down-type (hypercharge −1/3)
quarks by their distinct hypercharges. For non-vanishing U(1) gauge cou-
pling, this results in a dynamically generated hierarchy between the two
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Figure 6: RG flow of Yukawa couplings for fy = 0 and a diagonal CKM matrix. Left-hand
panel: no initial hierarchy, i.e., yi = 2 for all quarks. Right-hand panel: initial hierarchy
in the up-type couplings only, i.e., yt = 4 > yc = 2 > yu = 1 and yb = ys = yd = 3.
differently charged types of Yukawa couplings [11]. Even for initial condi-
tions outside the boundary hypersurface with (approximately) equal Yukawa
couplings, the RG-flow develops a hierarchy between the up-type and the
down-type Yukawas, cf. left-hand panel in Fig. 6.
In general, the RG flow drives Yukawa couplings of fermions with a larger
charge (in magnitude) to larger values in comparison to those of fermions with
a smaller charge, cf. gauge contributions in Eqs. (29)-(30) and, in particular,
the different hypercharge contributions13.
The transmission of hierarchies between quark-Yukawa couplings of dif-
ferent generations depends on the CKM elements. Without any initial hi-
erarchy, i.e., for near-degenerate Yukawa couplings14, no hierarchy between
Yukawa couplings of equally-charged quarks is generated by the RG flow.
This holds independently of the values of the CKM elements. It is a conse-
quence of unitarity, cf. Eq. (29)-(30), where the CKM-dependent terms sum
to similar values for different down-type Yukawas if the up-type Yukawas are
all approximately equal.
13 The dynamical generation of hierarchies generalizes to non-Abelian gauge groups.
Their 1-loop contributions to the beta functions of Yukawa couplings are proportional
to the second Casimir of the fermionic representation. Hence, non-Abelian gauge groups
can imprint hierarchies amongst Yukawa couplings whenever the second Casimirs of the
respective fermionic representations differ. In the SM this can only occur between lepton
and quark Yukawas and will be discussed elsewhere.
14The exactly degenerate case features inessential CKM elements and will not be dis-
cussed here.
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If this is not the case, partial hierarchies can be transmitted by the RG flow.
For instance, if only the up-type Yukawas exhibit an initial hierarchy while
the down-type Yukawas are (approximately) equal, the hierarchy is trans-
mitted to the down-type sector by the RG flow. The efficiency of such a
transmission depends on the values of the CKM-matrix elements. For in-
stance, the special CKM configuration for which all |Vtρ|2, all |Vcρ|2, and all
|Vuρ|2 are equal for ρ = (d, s, b), respectively, does not mediate any hierar-
chies. However, such special CKM configurations are generically not fixed
points of the RG flow themselves, cf. Secs. 5.2 - 5.4.
In conclusion, the RG flows of the Yukawa sector can result in the emer-
gence of nontrivial structures in the IR. The following minimal initial struc-
ture is required so that the RG flow can generate a full phenomenologically
interesting hierarchy pattern in the quark sector: At least one initial hierar-
chy between arbitrary pairs of Yukawa couplings for each pair of generations
is necessary. The right-hand panel in Fig. 6 depicts initial conditions for
which the up-type Yukawas already exhibit a hierarchy while the down-type
Yukawas do not. The up-type hierarchy is transmitted to the down-type sec-
tor by the RG flow. We note that we do not observe a mechanism to invert
the hierarchy within the lightest generation.
5.2. Fixed-point structure
We do not attempt a full solution of the fixed-point equations for Yukawa
couplings and CKM elements simultaneously, as the corresponding system
of equations is too large to be easily tractable by standard computer alge-
bra systems. Instead, our strategy will be to factorize the system. We first
derive six special fixed-point solutions for the CKM-matrix elements which
are independent of the values of the Yukawa couplings. These six fixed-point
solutions each give rise to a family of fixed-point solutions for the Yukawa
couplings. We will discuss only the phenomenologically relevant nontrivial
solution. Using a numerical grid search, we could not find any further non-
trivial fixed points at which the factorization condition does not hold. It goes
without saying that this does not exclude their existence.
5.2.1. Mixing parameters
For three generations of quarks, the CKM matrix contains 4 physical
parameters, which we parameterize by X = |Vud|2, Y = |Vus|2, Z = |Vcd|2
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and W = |Vcs|2. Then, the matrix of the squared CKM elements takes the
form
V2 =
[
{|Vij|2}
]
=

X Y 1−X − Y
Z W 1− Z −W
1−X − Z 1− Y −W X + Y + Z +W − 1
 . (41)
From Eq. (32), we find the beta functions for these parameters. As previ-
ously stressed, the new-physics contribution cancels in the running of CKM
parameters and we recover the standard beta functions, which we write below
for the sake of completeness.
dX
dt
= − 3
(4pi)2
[
y2u + y
2
c
y2u − y2c
{
(y2d − y2b )XZ +
(y2b − y2s)
2
(W (1−X) +X − (1− Y )(1− Z))
}
(42)
+
y2u + y
2
t
y2u − y2t
{
(y2d − y2b )X(1−X − Z) +
(y2b − y2s)
2
((1− Y )(1− Z)−X(1− 2Y )−W (1−X))
}
+
y2d + y
2
s
y2d − y2s
{
(y2u − y2t )XY +
y2t − y2c
2
(W (1−X) +X − (1− Y )(1− Z))
}
+
y2d + y
2
b
y2d − y2b
{
(y2u − y2t )X(1−X − Y ) +
y2t − y2c
2
((1− Y )(1− Z)−X(1− 2Z)−W (1−X))
}]
,
dY
dt
= − 3
(4pi)2
[
y2u + y
2
c
y2u − y2c
{
(y2b − y2d)
2
(W (1−X) +X − (1− Y )(1− Z)) + (y2s − y2b )YW
}
+
y2u + y
2
t
y2u − y2t
{
(y2b − y2d)
2
((1− Y )(1− Z)−W (1−X)−X(1− 2Y )) + (y2s − y2b )Y (1− Y −W )
}
+
y2s + y
2
d
y2s − y2d
{
(y2u − y2t )XY +
y2t − y2c
2
(W (1−X) +X − (1− Y )(1− Z))
}
+
y2s + y
2
b
y2s − y2b
{
(y2u − y2t )Y (1−X − Y ) +
(y2c − y2t )
2
(W (1−X − 2Y ) +X − (1− Z)(1− Y ))
}]
,
(43)
dZ
dt
= − 3
(4pi)2
[
y2c + y
2
u
y2c − y2u
{
(y2d − y2b )XZ +
(y2b − y2s)
2
(W (1−X) +X − (1− Z)(1− Y ))
}
+
y2c + y
2
t
y2c − y2t
{
(y2d − y2b )Z(1−X − Z) +
(y2s − y2b )
2
(W (1−X − 2Z) +X − (1− Y )(1− Z))
}
+
y2d + y
2
s
y2d − y2s
{
(y2u − y2t )
2
((1− Y )(1− Z)−X −W (1−X)) + (y2c − y2t )ZW
}
+
y2d + y
2
b
y2d − y2b
{
(y2t − y2u)
2
((1− Z)(1− Y )−W (1−X)−X(1− 2Z)) + (y2c − y2t )Z(1− Z −W )
}]
,
(44)
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dW
dt
= − 3
(4pi)2
[
y2c + y
2
u
y2c − y2u
{
(y2s − y2b )WY +
(y2b − y2d)
2
((1−X)W +X − (1− Y )(1− Z))
}
+
y2c + y
2
t
y2c − y2t
{
(y2s − y2b )W (1− Y −W ) +
(y2b − y2d)
2
((1− Y )(1− Z)−X −W (1−X − 2Z))
}
+
y2s + y
2
d
y2s − y2d
{
(y2c − y2t )WZ +
(y2t − y2u)
2
Z((1−X)W +X − (1− Y )(1− Z))
}
+
y2s + y
2
b
y2s − y2b
{
(y2c − y2t )W (1− Z −W ) +
(y2t − y2u)
2
((1− Y )(1− Z)−X −W (1−X − 2Y ))
}]
.
(45)
The standard parametrization of the quark mixing is generally given in terms
of the mixing angles θ12, θ13, θ23 and δ. The variables X, Y, Z and W are
related to the mixing angles,
θ12 = arctan
√
Y
X
, (46)
θ13 = arccos
√
X + Y , (47)
θ23 = arcsin
√
1−W − Z
X + Y
, (48)
and to the CP-violating phase,
δ = arccos
(X + Y )2Z − Y (X + Y + Z +W − 1)−X(1−W − Z)(1−X − Y )
2
√
XY (1−X − Y )(1− Z −W )(X + Y + Z +W − 1) .
(49)
5.2.2. Fixed points of the CKM-matrix
To factorize the full set of fixed-point equations, we consider the case
in which each factor inside the curly brackets in Eqs. (42)-(45) vanishes.
The resulting fixed-points of the matrix V2, cf. Eq. (41), correspond to the
matrices
M123 =

1 0 0
0 1 0
0 0 1
 , M132 =

1 0 0
0 0 1
0 1 0
 , M321 =

0 0 1
0 1 0
1 0 0
 ,
M213 =

0 1 0
1 0 0
0 0 1
 , M312 =

0 0 1
1 0 0
0 1 0
 , M231 =

0 1 0
0 0 1
1 0 0
 . (50)
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These matrices provide a faithful representation of the permutation group
of three objects. The second, third and fourth are odd permutations corre-
sponding to interchanging two families, whereas the other three correspond
to cyclic permutations. The matrix M123 represents the case of no mixing,
where each up-type quark interacts only with the corresponding down-type
quark. In the standard terminology, the other cases are also referred to as
“no mixing”, since each up-type quark interacts only with one down-type
quark, although possibly belonging to a different family.
The critical exponents in the CKM sector feature a dependence on the
fixed-point values of the Yukawa couplings. We limit ourselves to the phe-
nomenologically most interesting case where yt ∗  yi ∗, with i = b, c, s, u, d.
As this will later turn out to be the two interesting cases, we provide the
critical exponents for M123, which are
θI |M123 =
{
− 3
16pi2
y2t ,−
3
16pi2
y2t ,−
3
16pi2
y2t , 0
}
, (51)
and for M321 as well as M231, which are
θI |M321 = θI |M231 =
{
3
16pi2
y2t ,
3
16pi2
y2t ,
3
16pi2
y2t , 0
}
. (52)
Including a finite, but small value for the bottom-Yukawa coupling renders
all four critical exponents of M321 relevant while M231 obtains a single irrel-
evant direction.
Hence, an RG-trajectory connects the fixed-point configuration M321 in the
UV with M123 in the IR. The latter resembles the measured structure of the
CKM matrix, where off-diagonal elements are small compared to the diagonal
ones. The IR attractive properties of the fixed-point configuration M123 pro-
vide a mechanism to explain why the SM is driven towards a near-diagonal
mixing matrix. The measured value of the CP-violating phase remains un-
explained in this context - although its measured value can be realized due
to it being a relevant parameter at the UV fixed point.
5.2.3. Fixed-point structure of the gauge and Yukawa couplings
We can now insert the CKM fixed-point matrices of Eq. (50) into the beta
functions for the Yukawa couplings and solve them, avoiding the degenerate
points at finite values of the Yukawa couplings. The resulting fixed-point
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equations can be solved analytically. Altogether we obtain 17 fixed-point
solutions for each choice of CKM matrix. Of these, six are isolated fixed
points, nine are lines of fixed points and one is a plane of fixed points. We
include the fixed-point solution where four Yukawa couplings vanish, as it can
be approached from any direction with unequal up- and down-type Yukawa
couplings. The lines and planes are discarded. We conjecture them to ei-
ther reduce to fixed points or vanish entirely beyond the one-loop order15.
Regarding the isolated solutions, we discard those at which more than two
Yukawa couplings are finite. At fg > 0 (which must be required to avoid the
U(1) Landau pole), these fixed points feature at least one negative y2i and
are thus unphysical. Further, we only keep fixed points for which the CKM
sector contains four relevant directions. It appears that an irrelevant direc-
tion in the CKM sector always results in incompatibility with the measured
values.
Applying the above criteria results in only a single potentially interesting
fixed-point. It corresponds to the CKM configuration of M321, with non-
vanishing top and bottom Yukawa couplings given in Eq. (40). All the other
Yukawa couplings vanish. Before discussing the phenomenology of this fixed-
point solution in Sec. 5.4.2, we detail the limit of a heavy top quark in which
the phenomenologically relevant RG flows can be understood most easily.
5.3. The top quark driving the RG flow
The key features of the realistic RG flow of the three-generation system
can be understood in the heavy-top limit, i.e., for yt  yi 6=t. In the far UV,
the non-Abelian gauge couplings are still close to their asymptotically free
fixed point and can, therefore, be neglected. While the following discussion
employs these approximations, the respective plots are obtained by evolving
the full 1-loop running (without any of the above approximations).
Taking the above limits, the running of the top-Yukawa coupling yt itself
15As the corresponding analysis of fixed-point solutions at two-loop order is technically
challenging due to the large number of solutions (already the one-loop system features 392
solutions of the Yukawa-system before degeneracies of the Yukawa couplings are excluded)
we do not attempt it here.
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is independent of all other Yukawas and the CKM parameters, i.e.,
16pi2βyt = yt
[
9
2
y2t −
17
12
g2Y − 16 pi2 fy
]
. (53)
Given a fixed point for the Abelian gauge coupling, i.e., gY ∗, the top Yukawa
exhibits an IR-attractive fixed point at
y2t ∗ =
2
9
[
17
12
g2Y ∗ + 16 pi
2 fy
]
. (54)
In the following, we eliminate fy in favor of y
2
t ∗.
The running of all down-type Yukawas yρ (with ρ = d, s, b) is driven by
the top Yukawa (and the gauge as well as the new-physics) contribution, i.e.,
in the above heavy-top limit,
16pi2βyρ = yρ
[
9
2
y2ρ + 3y
2
t −
5
12
g2Y − 16pi2 fy −
3
2
|Vtρ|2 y2t
]
, (55)
with (partial) fixed points y2ρ ∗ and associated critical exponents θρ at
y2ρ ∗ (int) =
1
3
[
y2t ∗ −
2
3
g2Y ∗ + |Vtρ|2 y2t ∗
]
, θρ (int) = − 9
16pi2
y2ρ ∗ (int) , (56)
y2ρ ∗ (free) = 0 , θρ (free) =
9
32pi2
y2ρ ∗ (int) . (57)
While the top Yukawa and the Abelian gauge coupling remain at their inter-
acting fixed-point values, the respective down-type Yukawas scale away from
their free fixed point with k−θρ (free) as long as yρ  yρ ∗ (int). If the correspond-
ing CKM element |Vtρ|2 transitions from (close to) 0 to (close to) 1, or vice
versa, the (partial) fixed-point scaling of the respective ρ-type quark changes.
In contrast to the running of the down-type Yukawas, the running of
the up-type Yukawas does not depend on the CKM elements Vti. Moreover,
since the up-type Yukawas share the same hypercharge with the top Yukawa,
their (partial) non-vanishing fixed points in the heavy-top limit lie at fixed
yj 6=t ∗ (int) = yt ∗/3. Whenever yj 6=t  yt ∗/3, the other up-type Yukawas are
asymptotically free and simply scale away from zero under the RG flow (with
k−θj 6=t (free) where θj 6=t (free) = 3y2t ∗/(32pi
2)).
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Regarding the RG evolution of the CKM-matrix elements, it is important
to take the limits yj 6=t → 0 and yρ → 0, in such an order as to preserve the
phenomenological quark-mass ordering for the quarks of equal hypercharge.
As observed in [5], this results in an IR-attractive fixed point at diagonal
CKM matrix. We note that, within the heavy-top limit, this fixed point is
part of a fixed line. In the given parameterization and the heavy-top limit,
the running of CKM-matrix parameters is given by
βX =
3 y2t
16pi2
[X(X + Z − 1)] , (58)
βY =
3 y2t
16pi2
[W (X + Y − 1) +X(2Y − 1) + (Y − 1)(Y + Z − 1)] , (59)
βZ =
3 y2t
16pi2
[Z(X + Z − 1)] , (60)
βW =
3 y2t
16pi2
[(W − 1)(W +X + Y − 1) + (2W + Y − 1)Z] . (61)
This set of β-functions exhibits three fixed lines and one isolated fixed point
with corresponding critical exponents, i.e.,
fixed line: Z∗ = 1−X∗ , W∗ = Y∗ = 0 ,
3 y2t
16pi2
θi = (−1, 0, 0, 1) , (62)
UV-attractive fixed line: X∗ = 0 , Z∗ = 0 , W∗ = 1− Y∗ ,
3 y2t
16pi2
θi = (0, 1, 1, 1) , (63)
IR-attractive fixed line: X∗ = 1− Y∗ , Z∗ = Y∗ , W∗ = 1− Y∗ ,
3 y2t
16pi2
θi = (−1, −1, −1, 0) , (64)
fixed point: X∗ = 0 , Z∗ = 0 , Y∗ = 1 , W∗ = 1 ,
3 y2t
16pi2
θi = (−1, −1, 1, 1) . (65)
To link up with the general results in Eq. (50), we note that the fixed line
Eq. (62) contains the fixed points M312 and M132, the fixed line Eq. (63)
contains the fixed points M231 and M321 and the fixed line Eq. (64) contains
the fixed points M213 and M123. The fixed point Eq. (65) only exists in the
heavy-top limit, as it is destroyed by contributions proportional to the other
Yukawas.
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The two-loop running does not modify the CKM fixed-point structure in
the heavy-top limit. It merely adds a subleading correction to the overall size
of the critical exponents. The IR- and UV-attractive fixed lines are of partic-
ular interest. Their persistence at two-loop order suggests that these lines of
fixed points are not an artifact of the one-loop approximation. Rather, they
seem to arise due to the degeneracy of the lower Yukawa couplings in the
heavy-top limit. This is in contrast to the lines of fixed points which were
discarded in Sec. 5.2 and renders them of phenomenological interest.
Both of the lines are characterized by a common relation W∗ = 1 − Y∗.
RG-flows can transition from the IR-repulsive to the IR-attractive fixed line,
cf. Fig. 8. Points on the IR-repulsive fixed line can be connected to different
points on the IR-attractive fixed line depending on the dynamics of the full
flow. In particular, this depends on the choice of initial conditions for the
relevant CKM parameters near the IR-repulsive fixed line and the resulting
full dynamics.
In addition to the above non-trivial fixed points, the CKM running is ab-
sent whenever all Yukawas (including the top) are in the asymptotically free
regime. This asymptotically free form of scale invariance occurs at values of
the CKM parameters that are determined by the ratios of the Yukawas – we
remind the reader that the CKM flow only makes sense if the Yukawas are
held at finite ratios when the limit of vanishing Yukawas is taken.
A special situation arises if the top and Abelian-gauge contribution (nearly)
cancel out, i.e., if 3 y2t ∗ ≈ 2 g2Y ∗. In this case, the ρ-type Yukawas, for which
|Vtρ|2 ≈ 0, can nearly be held constant. Similarly, if 3 y2t ∗ ≈ g2Y ∗, the ρ-
type Yukawas for which |Vtρ|2 ≈ 1 are (nearly) frozen. If one of the above
near-cancellations is realized, the respective down-type Yukawas are (nearly)
frozen – irrespective of their particular value 0 < yρ < yρ ∗.
5.4. Predictivity and UV completions of the Standard Model
Returning to the main motivation for postulating scale-invariant new-
physics contributions at some high-energy scale, i.e., removing Landau poles
and UV-completing the SM gauge-Yukawa sector, we will now detail different
fixed points and discuss whether they allow to UV-complete or UV-extend
the SM. To decide whether a given set of IR values can or cannot be reached
from a starting point in the UV requires to select a very high value for
the UV scale. This is a consequence of the unusually slow (compared to
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the typical speed of the RG flow in the SM) running of the CKM matrix
elements. Our somewhat unusual discussion of RG flows over hundreds of
orders of magnitude is possible since the new-physics contribution removes
the Landau pole in the U(1) coupling.
In the following, we will discuss three different scenarios which are dis-
tinguished by the following criteria:
i) UV completion vs. UV extension: The presence of a fixed point can
allow a UV completion for a given model. This occurs when the IR
values of the model’s couplings can be reached on a “true” fixed-point
trajectory. The presence of a fixed point can also allow a UV extension
for a given model when the IR values of the model’s couplings can be
reached on a trajectory that does not emanate from the fixed point but
instead passes very close to it. In that case, the flow exhibits near-scale
invariance over a large range of scales. The “true” UV completion is in
this case given by a different theory, and the fixed point merely extends
the regime of validity of the EFT by (potentially very many) orders of
magnitude.
ii) Predictive power: For both cases (UV complete and UV extended),
the critical hypersurface of the fixed point determines the degree of
predictivity of the model. For a UV complete trajectory, the predic-
tions for the IR values of the irrelevant couplings are “sharp”. For a
UV extended trajectory, the predictions for the IR values of the irrele-
vant couplings are not “sharp”, but are instead given by mapping UV
windows to IR windows of possible values. The longer the trajectory
spends in the vicinity of the fixed point, the more the IR window closes
around the prediction from a UV complete trajectory.
5.4.1. UV completion 1): Free fixed point for Yukawa couplings
Setting fg = 0.097 and fy > −2.1886 × 10−4, there is a trajectory ema-
nating from the fixed point at g2Y ∗ = 96pi
2fg/41 and yi ∗ = 0, that reaches IR
values in agreement with those inferred from SM measurements. We fix the
RG trajectory by matching all Yukawa couplings and CKM matrix elements
to agree with the tree-level matched PDG values [93]. For the top-Yukawa
coupling, there is a significant difference between running mass and pole
mass. To perform a correct matching, we include sizable loop effects equiva-
lent to tree-level matching to a running mass of 163 GeV [90–92, 103–106].
At the FP all Yukawa couplings are relevant and the U(1) gauge coupling
is irrelevant so that the IR values of the latter can be calculated, cf. left
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Figure 7: RG flow of Yukawa couplings (left-hand panel) and CKM parameters (right-
hand panel). All Yukawas are tree-level matched to the respective PDG values [93] at
k = 173 GeV (including sizable loop effects for the top-Yukawa, cf. main text). For
fy = −2.1886 × 10−4, as well as for larger values of fy, the corresponding trajectory
realizes asympototic freedom for all Yukawa couplings.
panel of Fig. 7. For vanishing Yukawa couplings, the CKM matrix elements
are automatically do not run. Their values are tied to the ratio with which
Yukawa couplings emanate from the free fixed point. Thus the CKM elements
can start running from a point on this hyperplane in the UV and reach values
in agreement with SM measurements in the IR, cf. right panel of Fig. 7
Within our parameterization for NP, we have two free parameters, fg
and fy and the fixed point results in one prediction. Thus the predictive
power of this general setting is insufficient to rule it out since fg can always
be adjusted to produce the correct IR value of gY . For any particular NP
model in this general setting, fg is expected to become a calculable quantity
– gravity is an example – allowing to meaningfully test the particular model,
defined by the fixed point, by comparing the resulting prediction for gY to
experiment.
5.4.2. UV completion 2): Interacting fixed point for Yukawa couplings
Having seen that a UV completion can be achieved, we next ask how
much the predictive power can be increased. A number of highly predictive
fixed points can be excluded based on phenomenological considerations, as
they result in IR values for the Yukawa couplings of the first and/or second
generation which are much too large.
The most promising candidate appears to be the fixed point at which
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Figure 8: We choose fy = 2.2476 × 10−3 and the corresponding IR value for the top-
Yukawa coupling to realize asympototic safety. All other coupling values are chosen to
agree with tree-level matched PDG values [93] at k = 173 GeV.
g2Y ∗ = 96pi
2fg/41, y
2
t ∗ = 16pi
2/15(fg+2fy) and y
2
b ∗ = 16pi
2/615(−19fg+82fy),
all other Yukawa couplings vanish, and the CKM matrix elements Y∗ = 1,
X∗ = Z∗ = W∗ = 0, cf. Sec. 5.2. We choose fy = 2.2476× 10−3 for which we
are able to match the flow with the SM values of all couplings but the top,
cf. Fig. 8. The flow is characterized by a transition from the approximate
UV fixed line in Eq. (64) to the approximate IR fixed line in Eq. (63) with
a transition scale of ∼ 101500 GeV. Above this transition scale Vtb ≈ 0 and
Vts ≈ 0 and consequently yb and ys are (nearly) scale invariant. Below the
transition scale, Vts ≈ 0 and Vtu ≈ 0 and therefore not just yd but also ys
appear as (nearly) scale invariant, cf. Eq. (56). We have verified that such
RG flows can emanate from the fixed point at which all Yukawa couplings are
asymptotically free. Determining whether a similar flow can also emanate
directly from the interacting fixed point found in Sec. 5.2 remains to be
explored in the future.
In any case, this fixed point is IR attractive in gY , yt and yb, resulting in
three predictions. Therefore, this general class of NP models, parameterized
by fg and fy, can actually be ruled out. Let us stress that here we compare
tree-level matched IR values calculated in a toy model (neglecting the lepton
sector of the SM) to values extracted from measurements at first loop order.
This comparison results in the conclusion that the top quark comes out about
10% too heavy, compared to experiment.
Despite the above disagreement with experiment, the fixed point results
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Figure 9: RG-flow for the SM gauge and Yukawa couplings, normalized to their IR values,
including parameterized new physics with fg = 9.7 × 10−3 and fy = −2.1886 × 10−4
above MNP = 10
19 GeV. The CKM-matrix elements are omitted because they exhibit no
significant running over the given range of scales. All Yukawa couplings and CKM-matrix
elements agree with tree-level matched PDG values [93] at k = 173 GeV.
in IR structure in the Yukawa sector which is qualitatively similar to the
SM. In particular, the fixed point imprints a significant difference between
the top mass and the masses of the other quarks.
5.4.3. UV extension: Near scale invariance above MNP
The fixed point in the previous subsection 5.4.2 results in IR values which
are not in precise agreement with measured values of SM couplings. This mo-
tivates us to explore trajectories that are not UV complete but nevertheless
exist over a very large range of scales. This is enabled by them passing close
to the fixed point such that the model becomes nearly scale invariant, i.e.,
shows very little RG evolution over a large range of scales. In this regime,
all irrelevant parameters (in particular the top and bottom Yukawa) are at-
tracted to their FP values, and this also greatly restricts their values in the
IR limit.
To present how the new-physics contributions can realize nearly scale-
invariant behavior, we choose fg = 9.7 × 10−3 and fy = −2.1886 × 10−4 to
realize non-vanishing fixed points for gY and yt, respectively. Due to the
extremely slow running of the CKM-matrix elements and because of the re-
lation 3 y2t ∗ ≈ g2Y ∗ which the Standard-Model coupling values approximately
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obey [11], this realizes a nearly scale-invariant but interacting regime above
the Planck scale, cf. Fig. 9. This allows us to extend the SM to scales signif-
icantly above the Landau pole, cf. Fig. 9.
The trajectory in Fig. 9 again realizes the tree-level matched PDG val-
ues of the SM couplings. This is nontrivial, since the fixed point that the
trajectory passes by very closely features three IR attractive directions, and
we only have two free parameters in our general parameterization of new
physics.
This near-scale invariant regime can actually be realized on a trajectory
that emanates from the free-Yukawa UV fixed point in Sec. 5.4.1. Indeed,
Fig. 9 and Fig. 7 show different regimes of the same RG trajectory. The
latter emanates from the free-Yukawa fixed point and passes very close to
the more predictive, interacting fixed point.
Let us emphasize that determining the degree of predictivity of such a
UV-extended model is more challenging than for UV complete models. For
the latter, the degree of predictivity can be quantified as the number of
IR attractive directions minus the number of free parameters. For a UV
extended model, a range of IR values, i.e., an IR window, is achievable even
along IR attractive directions, instead of a single, “sharp” prediction. The
smaller the IR window, the more predictive the model. The IR window
accessible for the coupling shrinks, as the UV cutoff scale of the model is
pushed to higher values.
5.5. Discussion
From the examples given in this subsection, we infer that a generalization
of the results in [11] to the rather more involved case of three generations
with nontrivial mixing angles is possible, and the observed flavor structure
and mixing angles of the SM can be accommodated in a UV complete setting.
The U(1) gauge coupling, suffering from triviality in the absence of the new-
physics contribution, instead becomes a calculable quantity. Concerning the
Yukawa sector, the removal of the Landau pole is sufficient to allow for RG
trajectories connecting a fixed point that is asymptotically free in all Yukawa
couplings to the exact SM values of couplings in the IR. As a consequence
of the extremely slow running of CKM matrix elements, such trajectories
stretch over a rather astonishing range of scales.
Most intriguingly and depending on the specific value of fy such trajecto-
ries can pass quite close to two interacting fixed points, each with two addi-
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Figure 10: Schematic RG flow of Yukawa couplings and mixing parameters. Depending
on the specific value of fy, trajectories resulting in an IR spectrum of Yukawa couplings
in the vicinity of the SM can be dominated by intermediate scaling regimes of one or
several interacting fixed points. For the diagonal and interacting FP see Eq. (15). For the
off-diagonal and interacting FP see Eq. (40).
tional infrared attractive directions. These fixed points are distinguished by a
transition in the CKM matrix elements, cf. Fig. 10 for a schematic overview.
• The interacting and anti-diagonal fixed point is given by Eq. (40)
and dominates the flow at approximately anti-diagonal CKM matrix,
cf. M321 in Eq. (50).
• The interacting and diagonal fixed point is given by Eq. (15) and dom-
inates the flow at approximately diagonal CKM matrix, cf. M123 in
Eq. (50).
For fy ≈ −2.1886 × 10−4, a crossover trajectory emanates from the
fixed point at vanishing Yukawa couplings towards the interacting and anti-
diagonal fixed point and is dominated by the diagonal and interacting fixed
point [11] over a large range of scales, cf. middle trajectory in the schematic
Fig. 10 and Fig. 7 for the explicit RG flow. Due to its two IR attractive
directions in the Yukawa sector, this fixed point imprints a significant mass
difference between top quark mass and the down-type quark masses on the
system. The IR endpoint of this trajectory lies at values for the Yukawa
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couplings and CKM which are in agreement with measurements.
Alternatively, for fy ≈ 2.2476×10−3, a trajectory emanates from the fixed
point at vanishing Yukawa couplings and first passes close to the off-diagonal
and interacting fixed point. It then crosses over from this off-diagonal and in-
teracting fixed point towards the diagonal and interacting fixed point, cf. up-
per trajectory in the schematic Fig. 10 as well as Fig. 8 for the explicit RG
flow. The current approximation, however, suggests that the intermediate
scaling relations of the anti-diagonal and interacting fixed point result in a
10% too large top mass in comparison with experiment. Whether similar
trajectories can also emanate directly from the anti-diagonal and interacting
fixed point remains as an intriguing open question.
For any fy that is larger than fy ≈ −2.1886×10−4, one can always accom-
modate the measured IR values of all quark masses. This is a consequence of
the relevance of all Yukawa couplings at the free fixed point. For rather large
fy, the corresponding trajectories no longer pass in the vicinity of any of the
interacting fixed points, as these move towards larger values of the Yukawa
couplings, as fy is increased.
6. Conclusions and outlook
In this paper, we have explored possible patterns of the quark masses
and mixings in a new physics setting such that the quark-gauge sector of
the SM is rendered UV complete. Adding only two parameters to the beta
functions of the SM, we have found a complex pattern of Renormalization
Group fixed points. We have explored the idea that interacting fixed points of
the Renormalization Group can lead to a quantum field theory with a higher
predictive power than one would infer from canonical power counting. At
interacting fixed points, couplings of the renormalizable SM, corresponding
to free parameters according to canonical power-counting, can in principle
turn into calculable quantities, reducing the number of free parameters of
the theory.
We have explored this general set of ideas for the quark-gauge sector of
the SM. We have met the minimal requirement of solving the Landau-pole
problem of the Abelian gauge coupling by the addition of an antiscreening
contribution. The new term in the beta functions is linear such that the
new physics is parameterized by one parameter, fg. In a given new-physics
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setting, fg should be calculable from first principles, turning the Abelian
gauge coupling into a predictable quantity. Here, we have fixed the parameter
fg by matching the calculated value of gY to the observed one.
Similarly, we have added a flavor-independent new-physics contribution
fy to the flow of the general matrices of Yukawa couplings. This is logically
independent of the effect giving rise to asymptotic safety of the U(1) gauge
coupling. As a matter of fact, triviality in the Yukawa sector could potentially
also be avoided by a completely asymptotically free fixed point, as explored,
e.g., in [94–99], or by an asymptotically safe fixed point induced by higher-
dimensional operators [100, 101], see, however, [102]. On the other hand,
since these contributions could have a common source, we included both. In
particular, the parameter fy can give rise to additional calculable structures
in the quark sector. For the parameter fy, we have explored different values,
since it influences which UV fixed points can be connected to (approximately)
viable IR physics. In particular, there are fixed points at which fixing fy by
matching the calculated value of a quark mass, e.g., mb, to the observed one
leads to a genuine prediction, e.g., for the mass of the top.
We come to three important conclusions
• The new-physics contribution drops out of the running of the CKM-
matrix elements. The IR attractive fixed point, discovered in [5] there-
fore persists. Interestingly, the measured values are rather close to this
fixed point. Given that the running of the CKM matrix elements is in
general very slow (such that hundreds of orders of magnitude need to
be crossed for a significant change to occur in the CKM elements), this
is compatible with the idea that it is this fixed point that dominates
the IR physics of the CKM matrix.
• By matching to the exact SM values in the IR, any fy above a criti-
cal value allows to construct UV-complete trajectory emanating from
an asymptotically free fixed point for all Yukawa couplings. For spe-
cific values of fy, trajectories with IR endpoints in close vicinity to
the SM-values can be dominated by one or several intermediate scaling
regimes of interacting fixed points over hundreds of orders of magni-
tude, cf. Fig. 10 for a schematic overview.
• Extending the results of [11], we find that the slow running of CKM
parameters modifies the scaling relation, switching between the anti-
diagonal and the diagonal interacting fixed point. On the one hand, this
43
transition results in a top mass that is about 10 % too large. Even at
the current level of approximation which is only a one-loop study, this
is in strong contradiction with experimental values. On the other hand,
the CKM transition is crucial in accommodating non-vanishing masses
for the strange and the down quark, which only become relevant once
the CKM matrix assumes an anti-diagonal configuration. Additionally,
the interplay of CKM-matrix elements and Yukawa couplings leads to
upper bounds on those Yukawa couplings that remain free parameters.
A peculiar feature of the flows that we have studied is the extremely slow
evolution of the CKM parameters. In some cases, in order to come close
to a fixed point in the UV, one has to go to energies of order 1010000GeV,
that even dwarf the scale of the U(1) Landau pole. This behavior can be
traced to the fact that the scaling exponents of some fixed points are tiny.
Additionally, the flows that we study actually pass at least one intermediate
scaling regime in the vicinity of an interacting fixed point, which slows down
the flows further. If one insists on asymptotic safety in the strict sense,
namely trajectories that precisely start from a fixed point in the UV, then
this seems unavoidable. The physical meaning of these ultra-high scales is
questionable, so for the time being we merely record them as mathematical
curiosities. Since the meaning of a true UV completion is to enable extensions
to arbitrarily high scales, one could take these RG trajectories at face value
at scales even much higher than that. On the other hand, one may note that
for all practical purposes, above the Planck scale one is very near a fixed
point. We can, therefore, identify trajectories that have the correct IR limit
and can be greatly (though not infinitely) extended in the UV. The predictive
power of these nearly-asymptotically safe trajectories cannot be quantified
in an integer number of predictions. Instead, it consists of the map of large
UV intervals to small IR intervals. Less predictive trajectories can be truly
UV-complete.
In the main text, we have restricted our attention to flavor-blind new
physics. A study of a special case of generation-breaking new physics, see
Appendix D, where a distinct new-physics parameter is introduced for each
generation of quarks reveals, that contrary to what one might expect, the
larger number of free parameters does not allow us to improve the agreement
with experiments.
The best agreement with phenomenology is already achieved for the case
of “minimal” new physics which does not distinguish the generations and
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only comes with one free parameter in the quark sector.
As a specific example of the new physics that can generate the contribu-
tions fg and fy, we reviewed the related results within asymptotically safe
gravity, where in fact the fixed-point structure of such gauge-Yukawa systems
and the corresponding predictions was first discussed in [11]. Nevertheless,
let us emphasize that any kind of new physics which would provide such con-
tributions to the beta functions of the SM couplings will enable the predictive
scenario we discussed here. In the future, an extension to the lepton sector
of the SM is of obvious interest, as is a broadening of our work to (minimal)
extensions of the SM. Lastly, the exploration of possible BSM candidates
that could generate terms of the form we include here is of strong interest.
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Appendix A. Lines and planes of fixed points from one-loop RG
invariants
Given the structure of the Yukawa beta functions at 1-loop, we can con-
struct two quantities that are invariant along the RG flow. For YU and YD
the up and down Yukawa matrices, we have the following two invariants in
the case of three generations of quarks
I(1) =
Tr(MUMD)
(det(MUMD))1/3
, I(2) = Tr((MUMD)
−1)(det(MUMD))1/3, (A.1)
where MU = YUY
†
U and MD = YDY
†
D. In the diagonalized basis, we have
I(1) =
∑
iρ
y2i y
2
ρ|Viρ|2
(ytycyuybysyd)2/3
, I(2) = (ytycyuybysyd)
2/3
∑
iρ
y−2i y
−2
ρ |Viρ|2.
(A.2)
These are invariants for the flow in the 10-dimensional space of the
Yukawas and X, Y , Z, W . If we put X, Y , Z, W on a fixed point, then
these are invariant for the flow in the 6-dimensional space of the Yukawas
only.
For example when the mixing matrix is the identity (X = 1, Y = 0,
Z = 0, W = 1), the invariants in (A.2) become
I(1) =
(y2t y
2
b + y
2
cy
2
s + y
2
uy
2
d)
(ytycyuybysyd)2/3
, I(2) = (ytycyuybysyd)
2/3
(
1
y2t y
2
b
+
1
y2cy
2
s
+
1
y2uy
2
d
)
,
(A.3)
where, for simplicity, we have omitted the fixed-point symbol ∗ in each
Yukawa coupling. However one can show that each term in these sums is
an invariant by itself:
V1 =
y2uy
2
d
ytycybys
, V2 =
y2cy
2
s
ytyuybyd
, V3 =
y2t y
2
b
ycyuysyd
. (A.4)
Let us see how these invariants arise and how they are related to the lines
and planes of fixed points.
For all of the 6 particular CKM configurations we have considered, and
the gauge fixed point (g1 =
√
96fgpi2/41, g2 = 0, g3 = 0), the Yukawa beta
functions take the form
βy2j = y
2
jhj(y
2
k), (A.5)
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where hj are linear functions of the couplings y
2
k. When looking for non-trivial
fixed points, we have to solve the system of equations hj = 0. Thus, when
some of the hi’s are linearly dependent we have infinitely many solutions.
Hence, surfaces of fixed points appear.
In general, an RG invariant is a quantity I that satisfies d
dk
I = 0. In
terms of the beta functions of the couplings
0 = βy2j ∂jI = y
2
jhj∂jI. (A.6)
We take for the moment the case of n couplings yj. Then, if there are some
dependent function hj, e.g., hn−1 and hn, we have that
hn−1 =
n−2∑
i=1
Aihi, hn =
n−2∑
i=1
Bihi. (A.7)
Consequently, eq. (A.6) becomes
n−2∑
j=1
(y2j∂jI + y
2
n−1Aj∂n−1I + y
2
nBj∂nI)hj = 0. (A.8)
Since by assumption the n − 2 functions hj are linearly independent, each
of their coefficients must vanish separately. This means that any function of
the variable
VT =
(y21)
A1+B1(y22)
A2+B2 . . . (y2n−2)
An−2+Bn−2
y2n−1y2n
. (A.9)
is a flow invariant.
For example, in the case considered above (X = 1, Y = 0, Z = 0, W = 1)
we have the linear relations
ht = hu + hd − hb, hc = hu + hd − hs. (A.10)
or Au = 1, Ab = −1, As = 0, Ad = 1, Bu = 1, Bb = 0, Bs = −1, B − d = 1.
Hence, W coincides with V 21 . (Obviously any function of an invariant is an
invariant).
Alternatively, we can also write
ht = hc + hs − hb, hu = hc + hs − hd, (A.11)
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and
hu = ht + hb − hd, hc = ht + hb − hs. (A.12)
which are obtained from the previous linear relation by the permutations
(u↔ c, d↔ s) and (u↔ t, d↔ b). These give rise to the invariants V2 and
V3.
In summary, we see that the surfaces of FPs and the one-loop invariants
both originate from linear relations between the beta functions. If we allow
one coupling to be zero, the number of equations decreases and then only
one linear relation remains. As a result, we obtain a line of fixed points for
this case.
Appendix B. Fixed points for two generations
Appendix B.1. Classification
In this section of the appendix we list the fixed points for the Yukawa
couplings for the two-generation case, allowing for mixing and assuming that
the gauge couplings are at their respective fixed point g2Y ∗ =
96
41
fgpi
2 and
g22∗ = 0 = g
2
3∗. The equations for the fixed points of the Yukawa couplings
and the CKM parameter W constitute a system of quadratic equations which
possesses, following a na¨ıve counting scheme, two lines of solutions and 20
further discrete solutions. These will be discussed in the following.
Let us clarify that when we invoke phenomenological viability in the fol-
lowing, we refer to the IR values of the Yukawa couplings of the second and
third generation only.
First of all, we note that – based on the discussion in the preceding section
Appendix A – the two lines of solutions will collapse to a number of discrete
solutions upon the inclusion of two-loop terms. From the discussion below
it will become clear that, based on permutation symmetries, one expects
there to be four discrete solutions. We do not determine these fixed points
explicitly because the two-generation case serves only as an intermediate step
to understand the SM case, i.e., three generations. However, as two-loop
terms will reduce the lines to points, we will list these (anticipated) solutions
on the same footing as the other solutions which are discrete already on the
one-loop level.
Second, the permutation symmetries t↔ c and b↔ s lead to the appear-
ance of all fixed points in two doublets. We exemplified this behavior based
on the solution discussed in Sec. 4.1, see Table 1 for the explicit values of the
couplings at the respective fixed point.
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First, regarding Table 1 the relation between the solution labeled 1a to the
one labeled 1b is due to the intergenerational permutation b ↔ s, changing
the value W∗ = 0 changes to W∗ = 1. Correspondingly, the solutions 1c and
1d can be obtained by obvious permutations. To identify the phenomenolog-
ically interest fixed points, we applied the following consideration: We start
from the observation that g2Y ∗ =
96
41
fgpi
2 only makes sense if fg is positive. In
order to avoid negative values for the y2i∗, one needs to additionally require
for this quartet that fy ≥ 1982fg. This implies that fy is positive. As there
are poles in the beta functions for the CKM matrix element, a phenomeno-
logically viable solution can only come from a fixed point with y2t∗ > y
2
c∗ and
y2b∗ > y
2
s∗. The first condition excludes the solutions 1c and 1d, the second
1b and 1c, leaving us with the case 1a as the only phenomenologically viable
one.
Second, to describe the two lines of fixed points we note that these can
be defined via the relations
y2t∗ + y
2
c∗ =
(
140
123
fg +
8
3
fy
)
pi2 , y2b∗ + y
2
s∗ =
(
− 52
123
fg +
8
3
fy
)
pi2 , (B.1)
and
y2c∗ − y2b∗ = y2t∗ − y2s∗ =
1
3
g2Y ∗ =
32
41
fgpi
2 , (B.2)
for the line of solutions with W∗ = 0 and
y2t∗ − y2b∗ = y2c∗ − y2s∗ =
1
3
g2Y ∗ =
32
41
fgpi
2 , (B.3)
for the line of solutions with W∗ = 1. Requiring y2i∗ ≥ 0 ∀ i ∈ {t, c, b, s} and
assuming fg > 0, the constraint
fy ≥ 13
82
fg, (B.4)
has to be fulfilled. Hence, the two lines will be of finite length, i.e., they will
have endpoints. As already stated, we will not resolve how two-loop terms
will lift the degeneracy. To represent these FPs, one of the endpoints, namely
the one with y2s∗ = 0, will be shown in Table B.2 as case 2.
From the six cases displayed in Table B.2, one can generate the four
endpoints of the two lines and the 20 discrete solutions by applying the
permutations t ↔ c and b ↔ s. From fixed point 1 in Table B.2 one can
generate the cases 1a - 1d, and analogously for the other classes 2 - 6. Note
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# y2t∗/pi
2 y2c∗/pi
2 y2b∗/pi
2 y2s∗/pi
2 W∗ Allowedrange
1 16
15
(fg + 2fy) 0
16
615
(−19fg + 82fy) 0 0 fy ≥ 1982fg
2 4
123
(11fg + 82fy)
32
41
fg
4
123
(−13fg + 82fy) 0 1 fy ≥ 1382fg
3 4
123
(23fg + 82fy) 0
4
123
(−fg + 82fy) 0 1 fy ≥ 182fg
4 t4 0 b4 s4 W4∗ fy = 782fg
5 t5 c5 b5 0 W5∗ fy = 4382fg
6 4
123
(35fg + 82fy) 0
4
123
(11fg + 82fy) −3241fg 1 —
Table B.2: Fixed point solutions in the Yukawa sector for the gauge coupling fixed points
g2Y ∗ =
96
41fgpi
2 and g22∗ = 0 = g
2
3∗ such that y
2
t∗ > y
2
c∗ and y
2
b∗ > y
2
s∗. The last column
gives the allowed range of values for fy, for which y
2
i∗ ≥ 0 ∀ i ∈ {t, c, b, s}. For further
definitions see the main text.
that with an odd number of permutations of quarks, the value of W∗ changes.
Each representative has been chosen such that the conditions y2t∗ > y
2
c∗ and
y2b∗ > y
2
s∗ are fulfilled.
The fixed point 1 in Table B.2, respectively, 1a in Table 1 provides a
phenomenologically viable fixed point, and therefore the flow corresponding
to this fixed point is studied in Sec. 4. We note that the relation y2t∗ − y2b∗ =
64
41
fgpi
2 = 2
3
g2Y ∗ is fulfilled at this fixed point.
The fixed point 2, which is an endpoint of a line of solutions, fulfils the
relations y2t∗ − y2b∗ = 13g2Y ∗ as well as y2c∗ = 13g2Y ∗ . Note that the value of y2c∗
depends only on fg and not on fy. Hence it is approximately determined
by the value of the hypercharge coupling in the UV. This leads to a much
too large Yukawa coupling for the charm, and therefore this fixed point is
excluded by phenomenology.
The fixed point 3 corresponds to the extension of (15). However, it en-
forces a vanishing strange mass, see Sec. 4 for a discussion of this point. Note
that also in this case y2t∗ − y2b∗ = 13g2Y ∗ .
For the fixed point 4, the values for the Yukawa couplings and the CKM
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matrix element are given by
y2t∗ = t4 =
16
1107
(65fg + 82fy) pi
2 ,
y2b∗ = b4 =
8
1107
(−21fg + 246fy − r) pi2 ,
y2s∗ = s4 =
8
1107
(−21fg + 246fy + r) pi2 ,
W4∗ =
1
2
+
r
2(65fg + 82fy)
, (B.5)
with r =
√
3(7fg − 82fy)(65fg + 82fy). Requiring y2i∗ ≥ 0 ∀ i ∈ {t, c, b, s} as
well as a real value for r leads to
fy =
7
82
fg , (B.6)
for fg > 0. This implies, in addition to y
2
c∗ = 0,
y2t∗ = t4 =
128
123
fgpi
2 =
4
9
g2Y ∗ ,
y2b∗ = b4 = 0 ,
y2s∗ = s4 = 0 ,
W4∗ =
1
2
. (B.7)
This does clearly not lead to a phenomenologically viable fixed point.
For the fixed point 5, the values for the Yukawa couplings and the CKM
matrix element are given by
y2t∗ = t5 =
8
1107
(87fg + 246fy − s) pi2 ,
y2c∗ = c5 =
8
1107
(87fg + 246fy + s) pi
2 ,
y2b∗ = b5 =
16
1107
(−43fg + 82fy) pi2 ,
W5∗ =
1
2
− s
2(43fg − 82fy) , (B.8)
with s =
√
3(43fg − 82fy)(29fg + 82fy). Requiring y2i∗ ≥ 0 ∀ i ∈ {t, c, b, s}
as well as a real value for s leads to
fy =
43
82
fg , (B.9)
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for fg > 0. In addition to y
2
s∗ = 0, this also implies
y2t∗ = t5 =
64
41
fgpi
2 =
2
3
g2Y ∗ ,
y2c∗ = c5 =
64
41
fgpi
2 =
2
3
g2Y ∗ ,
y2b∗ = b5 = 0 . (B.10)
Again, this is not a phenomenologically viable fixed point.
The fixed point 6 is excluded right away because y2s∗ is negative for all
fg > 0.
Appendix B.2. Scaling exponents
The set of scaling exponents is the same for all four fixed points within
each of the classes 1 — 6. Here, we provide the eigenvalues of the stability
matrix multiplied by an additional negative sign, i.e.,, the scaling exponents
θ(I) = −eig(I)
(
∂βgi
∂gj
)
, (B.11)
where ~g = (yt, yc, yb, ys, gY ,W ).
1 2 3
θ1 −2fg −2fg −2fg
θ2
2
205
(11fg + 82fy) 0 − 341fg
θ3
1
205
(11fg + 82fy) − 1182fg − fy 341fg
θ4
1
205
(11fg + 82fy) − 1182fg − fy
θ5
1
205
(
−3(11fg + 82fy) 1164
(
−3(11fg + 82fy)
−2
√
1246f2g + 2(11fg) (82fy) + (82fy)
2
)
−
√
1273f2g + 2(11fg) (82fy) + (82fy)
2
)
θ6
1
205
(
−3(11fg + 82fy) 1164
(
−3(11fg + 82fy)
+2
√
1246f2g + 2(11fg) (82fy) + (82fy)
2
)
+
√
1273f2g + 2(11fg) (82fy) + (82fy)
2
)
Table B.3: Scaling exponents for the fixed points 1 - 3 given in Tab. B.2. As fg > 0 and
fy > 0, most scaling exponents are strictly positive or negative. However, the sign of θ6
for fixed points 1 and 3 depends on the precise values of the parameters fg and fy. θ6 is
negative for fy >
19
82fg and fy >
1
82fg, respectively, which are just the allowed ranges for
the fixed points 1 and 3 (cf. Tab. B.2), excluding the lower bound, at which the scaling
exponents are zero. The scaling exponents θ4, θ5 and θ6 for the fixed point 2 cannot be
uniquely determined as these fixed points are the endpoints of a line.
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Appendix C. Two loop beta functions
Here, we present the two-loop expressions for the quark Yukawa beta
functions in the absence of leptons and scalar quartic coupling. For the
matrices YU and YD introduced in Section 3, we have the two-loop coefficients
β
(2)
YU
=
[
3
2(YUY
†
U )
2 − 14YUY †UYDY †D − YDY †DYUY †U
+ 114 (YDY
†
D)
2 +AUUYUY
†
U +AUDYDY
†
D +BU
] YU
(4pi)4
, (C.1)
β
(2)
YD
=
[
3
2(YDY
†
D)
2 − 14YDY †DYUY †U − YUY †UYDY †D
+ 114 (YUY
†
U )
2 +ADDYDY
†
D +ADUYUY
†
U +BD
] YD
(4pi)4
, (C.2)
where the superscript (2) denotes two loop contribution. Here we have made
use of the trace
Y2(S) = Tr
(
3YUY
†
U + 3YDY
†
D
)
. (C.3)
This is useful in defining the following contributions
AUU =
(
223
48
g21 +
135
16
g22 + 16g
2
3
)− 9
4
Y2, (C.4)
AUD =
5
4
Y2(S)−
(
43
48
g21 − 916g22 + 16g23
)
, (C.5)
ADD =
(
187
48
g21 +
135
16
g22 + 16g
2
3
)− 9
4
Y2(S), (C.6)
ADU =
5
4
Y2(S)−
(
79
48
g21 − 916g22 + 16g23
)
. (C.7)
Similarly, we have the quartet contribution in the gauge couplings
BU = −χ4(S)+
(
1
8
+ 145
81
Nsm
)
g41 −
(
35
4
−Nsm
)
g42 −
(
404
3
− 80
9
Nsm
)
g43
− 3
4
g21g
2
2 +
19
9
g21g
3
2 + 9g
2
2g
2
3 +
5
2
Y4(S), (C.8)
BD = −χ4(S)−
(
29
72
+ 5
81
Nsm
)
g41 −
(
35
4
−Nsm
)
g42 −
(
404
3
− 80
9
Nsm
)
g43
− 9
4
g21g
2
2 +
31
9
g21g
3
2 + 9g
2
2g
2
3 +
5
2
Y4(S), (C.9)
where
χ4(S) =
9
4
Tr
[
3(YUY
†
U)
2 + 3(YDY
†
D)
2 − 2
3
YUY
†
UYDY
†
D
]
, (C.10)
Y4(S) = (
17
12
g21 +
9
4
g22 + 8g
2
3) Tr(YUY
†
U) + (
5
12
g21 +
9
4
g22 + 8g
2
3) Tr(YDY
†
D). (C.11)
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Herein, Nsm is the number of families in the SM.
In the mass basis, we have
β
(2)
y2i
=
[
3y4i −
5
2
y2i
∑
ρ
y2ρ|Viρ|2 +
11
2
∑
ρ
y4ρ|Viρ|2
+ 2AUUy
2
i + 2AUD
∑
ρ
y2ρ|Viρ|2 + 2BU
]
y2i
(4pi)4
, (C.12)
β
(2)
y2ρ
=
[
3y4ρ −
5
2
y2ρ
∑
i
y2i |Viρ|2 +
11
2
∑
i
y4i |Viρ|2
+ 2ADDy
2
ρ + 2ADU
∑
i
y2i |Viρ|2 + 2BD
]
y2ρ
(4pi)4
, (C.13)
where Latin indices stand for up-type quarks while Greek indices stand for
down-type quarks. In this case, the YF -dependent quantities defined before
become
Y2(S) = 3
∑
i
y2i + 3
∑
ρ
y2ρ, (C.14)
χ4(S) =
9
4
[
3
∑
i
y4i + 3
∑
ρ
y4ρ − 23
∑
i,ρ
|Viρ|2y2i y2ρ
]
, (C.15)
Y4(S) = (
17
12
g21 +
9
4
g22 + 8g
2
3)
∑
i
y2i + (
5
12
g21 +
9
4
g22 + 8g
2
3)
∑
ρ
y2ρ. (C.16)
For the magnitude square of the CKM elements, we have the two loop ex-
pression
β
(2)
|Viρ|2 =
[∑
β,j 6=i
y2β
y2i − y2j
Qijβ(ViβV
∗
jβVjρV
∗
iρ + V
∗
iβVjβV
∗
jρViρ)
+
∑
j,β 6=ρ
y2j
y2ρ − y2β
Qρβj
(
V ∗jβVjρViβV
∗
iρ + VjβV
∗
jρV
∗
iβViρ
)] 1
(4pi)4
(C.17)
where we have introduced the factors
Qijβ =
1
2
y2i y
2
j + (y
4
i + y
4
j )− 114 (y2i + y2j )y2β − AUD(y2i + y2j ), (C.18)
Qρβj =
1
2
y2ρy
2
β + (y
4
ρ + y
4
β)− 114 (y2ρ + y2β)y2j − ADU(y2ρ + y2β). (C.19)
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Appendix D. General linear terms in the Yukawa beta functions
In this section, we explore the impact of general BSM contributions on
the beta functions of the Yukawa matrices YU and YD. As in the main text,
we consider linear modifications, that is, corrections that are proportional
to the matrices themselves. Yet, as the key difference, instead of taking a
parameter fy multiplying each matrix (YU , YD), we study BSM contribu-
tions in matrix form. Our goal is to understand whether and how we can
obtain BSM contributions to the Yukawa beta functions that distinguish dif-
ferent generations of quarks. The main motivation lies in the fact that the
flavor-blind contribution fy explored in the main text does not appear to be
sufficient structure to enable the prediction of hierarchies of quark masses,
beyond the hierarchy between top and bottom quark. Giving up on the
premise of flavor-blindness is a well-motivated way of exploring whether the
inclusion of additional free parameters in the BSM sector can encode more
of the flavor structure of the SM. We, therefore, start with a generic struc-
ture of linear BSM modifications to the beta functions and then specialize to
the case where the contributions to each βyi are proportional to a different fi.
We consider beta functions for YU and YD of the form
βYF = β
SM
YF
+ βBSMYF ≡ βSMYF − F Fy YFGFy , (D.1)
with F = U,D. For the remaining part of this discussion, we focus on the
BSM part. The expressions for βSMYF are given in (19) and (20). We drop the
superscript BSM in order to simplify the notation. As shown in section 3, it
is useful to go from YF to the matrix MF = YFY
†
F whose beta function is
βMF = −F Fy YFGFy Y †F − YFGF †y Y †FF F †y . (D.2)
Once again, we diagonalize MF with the unitary matrices V
F
L such that
V UL MUV
U†
L = diag[y
2
u, y
2
c , y
2
t ] and V
D
L MDV
D†
L = diag[y
2
d, y
2
s , y
2
b ]. All the im-
portant information on the running of the essential couplings is contained in
V FL βMFV
F †
L = −V FL F Fy YFGFy Y †FV F †L − V FL YFGF †y Y †FF F †y V F †L . (D.3)
From the SM Lagrangian we also know that YF are diagonalized by the
unitary matrices (V FL , V
F
R ) such that V
F
L YFV
F †
R = DF . Introducing V
F
L and
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V FR in the previous equation, we find that
V FL βMFV
F †
L =− V FL F Fy V F †L (V FL YFV F †R )V FR GFy V F †R (V F †R Y †FV F †L )
− (V FL YFV F †R )V FR GF †y V F †R (V FR Y †FV F †L )V FL F F †y V F †L
=− F˜ Fy DF G˜FyDF −DF G˜F †y DF F˜ F †y , (D.4)
where we have defined the quantities F˜ Fy = V
F
L FyV
F †
L , G˜
F
y = V
F
R GyV
F †
R .
The beta functions for the Yukawa couplings are given by the diagonal
elements of (D.4). Thus, for the up-type Yukawas we have
βy2i = −yi
∑
l
ylF˜
U
y,ilG˜
U
y,li − yi
∑
l
ylF˜
U∗
y,ilG˜
U∗
y,li, (D.5)
while for the down-type Yukawas we obtain
βy2ρ = −yρ
∑
α
yαF˜
D
y,ραG˜
D
y,αρ − yρ
∑
α
yαF˜
D∗
y,ραG˜
D∗
y,ρα. (D.6)
We observe that the beta function of y2i (y
2
ρ) is not simply proportional to y
2
i
(y2ρ), which is a key difference to the case considered in the main text.
The beta functions for the CKM elements are derived from the off-diagonal
terms in (D.4). In the present case, we have
d|Viρ|2
dt
=
∑
j 6=i
1
y2i − y2j
[
−yiVjρV ∗iρ
∑
l
ylF˜
U∗
y,jlG˜
U∗
y,li − yjVjρV ∗iρ
∑
l
ylF˜
U
y,ilG˜
U
y,lj + c.c.
]
+
∑
β 6=ρ
1
y2ρ − y2β
[
−yβViβV ∗iρ
∑
α
yαF˜
D∗
y,ραG˜
D∗
yαβ − yρViβV ∗iρ
∑
α
yαF˜
D
y,βαG˜
D
y,αρ + c.c.
]
.
(D.7)
We see that the running of the CKM elements gets modified for general
F Fy and G
F
y . The independence of the CKM beta functions from the new-
physics contribution in the main text is therefore a consequence of the flavor-
blindness that was a central premise of our main analysis.
The new type of contribution in the beta functions of the Yukawa cou-
plings could also be worthwhile to explore, but we leave this to the future.
Instead, we specialize to the case where the BSM-induced running of each
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Yukawa coupling is just proportional to itself (y˙2i ∝ y2i , y˙2ρ ∝ y2ρ). Moreover,
we investigate the conditions under which the proportionality factor is dif-
ferent for each generation of quarks ending up with a flavor-dependent type
of BSM physics. In order to achieve βy2i ∝ y2i , βy2ρ ∝ y2ρ, we note that either
F˜ F or G˜F has to be diagonal, so that we pick only one of the contributions
in the sum of Eqs. (D.5)-(D.6). When this happens, we obtain
βy2i = −2y2i<(F˜Uy,iiG˜Uy,ii), (D.8)
βy2ρ = −2y2ρ<(F˜Dy,ρρG˜Dy,ρρ), (D.9)
where <(x) means the real part of x. In order to obtain the same contribution
for each family, the quantities <(F˜Uy,iiG˜Uy,ii) and <(F˜Dy,ρρG˜Dy,ρρ) should be equal
within each generation. If we assume the matrices GFy to be diagonal, the
running of the CKM elements becomes
d|Viρ|2
dt
=
∑
j 6=i
1
y2i − y2j
[
−y2i VjρV ∗iρF˜U∗y,jiG˜U∗y,ii − y2jVjρV ∗iρF˜Uy,ijG˜Uy,jj + c.c.
]
+
∑
β 6=ρ
1
y2ρ − y2β
[
−y2βViβV ∗iρF˜D∗y,ρβG˜D∗y,ββ − y2ρViβV ∗iρF˜Dy,βρG˜Dy,ρρ + c.c.
]
.
(D.10)
There are two potential choices such that the BSM contribution to the CKM
beta functions vanishes: i) in order to have a vanishing contribution to the
CKM running at any scale, one possibility is to assume the matrices F˜Uy and
F˜Dy to diagonal, ii) we can find particular F˜
F
y and G˜
F
y such that there are
non-trivial cancellations among all the terms, which seems very unlikely.
In summary, we conclude that in order to obtain an unaltered CKM
running and a BSM contribution to the Yukawa couplings distinguishing dif-
ferent generations of quarks, F˜ Fy and G˜
F
y should be diagonal. Note that these
conditions do not imply that F Fy and G
F
y are diagonal, or that F
U
y = F
D
y ,
GUy = G
D
y . There are several ways we can obtain an expression of the form
given in (D.1). For instance, we can add fermions or scalars charged under
the SM gauge group. Constructing interactions among the new fields and the
SM particles, we can modify the beta function of the quark Yukawa couplings.
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In the following, instead of exploring which type of new physics might
give rise to (D.1), we explore the particular case in which each generation
of quarks gets a different BSM contribution and the CKM sector remains
unaltered. We can, in fact, show that the inclusion of new colored fermions
leads to beta functions of the form
dyi
dt
=
[
(Y2(S)−GU) + 3
2
y2i −
3
2
∑
ρ
y2ρ|Viρ|2 + fy,i
]
yi
(4pi)2
, (D.11)
dyρ
dt
=
[
(Y2(S)−GD) + 3
2
y2ρ −
3
2
∑
i
y2i |Viρ|2 − fy,ρ
]
yρ
(4pi)2
, (D.12)
where, as before, yi = (yu, yc, yt), yρ = (yd, ys, yb), GU =
17
12
g21 +
9
4
g22 + 8g
2
3,
GD =
5
12
g21+
9
4
g22+8g
2
3, Y2(S) = 3
∑
i y
2
i +3
∑
ρ y
2
ρ, Viρ is the CKM matrix, and
fy,t = fy,b = fy,3, fy,c = fy,s = fy,2, fy,u = fy,d = fy,1, so that there are only
three different fy-parameters. The new-physics effect distinguishes the three
generations explicitly. Since the CKM beta functions are not modified in this
particular configuration, we can use the fixed points given in Eq. (50). Each
of these CKM configurations generates fixed points in the Yukawa couplings.
We obtain isolated fixed points, as well as lines parameterized by one of the
Yukawa couplings. The lines of fixed points are expected to reduce to isolated
points under the impact of higher-loop effects. A solution of the higher-order
system of equations for fixed points is beyond the scope of this paper; thus
we cannot determine which part of the fixed lines might potentially be of
interest. For this reason, we focus on the isolated fixed points of the one-
loop system.
For each of the cases in Eq. (50), we find that the minimum number of
vanishing couplings at the fixed point is equal to two. That is, only four
couplings are non-trivial and correspond to irrelevant directions. Therefore,
only four couplings can be predicted. Since fy,3 already generates a hierarchy
between yt and yb, we need only one extra parameter, fy,1 or fy,2, to set
up the remaining hierarchy. We highlight that if the two extra parameters
fy,1(2) are used to generate the desired IR-values of the two additional non-
zero couplings, there is no enhanced predictivity within our general study16.
Each additional calculable quark mass would be tuned with a corresponding
16A specific BSM model in which the fy,i are calculable would, of course, have an
increased predictivity.
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free parameter. Before deciding which parameter to keep, we impose other
important conditions on the solutions. The presence of poles in the beta
functions precludes the possibility that the RG flows of up(down)-Yukawa
couplings cross each other. Therefore, only yd and yu can be zero at the fixed
point. Consequently, we single out solutions with yd∗ = yu∗ = 0 only. This
selection rule leaves us with only two cases: (1) X∗ = 0, Y∗ = 1, Z∗ = 0,
W∗ = 0 with
y2t ∗ =
16pi2
123
(6fg + 41fy,2 − 123fy,3) , y2c ∗ =
4pi2
123
(23fg − 451fy,2 + 287fy,3) ,
y2b ∗ =
4pi2
123
(−fg − 287fy,2 + 451fy,3) , y2s ∗ =
16pi2
123
(−6fg + 123fy,2 − 41fy,3) ,
(D.13)
or (2) X∗ = 0, Y∗ = 0, Z∗ = 1, W∗ = 0 with
y2t ∗ =
4pi2
123
(23fg + 287fy,2 − 451fy,3) , y2c ∗ =
16pi2
123
(6fg − 123fy,2 + 41fy,3) ,
y2b ∗ =
16pi2
123
(−6fg − 41fy,2 + 123fy,3) , y2s ∗ =
4pi2
123
(−fg + 451fy,2 − 287fy,3) .
(D.14)
In both situations fy,1 is absent, as it is expected since yd∗ = yu∗ = 0.
Working with fy,3 and fy,2 as free parameters, we now impose conditions
on the Yukawa couplings in order to narrow down the allowed region in the
parameter space.
We start by demanding yt∗ > yc∗ > 0, yb∗ > ys∗ > 0. These conditions
translate into a constrained interval in the fy,2 − fy,3 space. In the allowed
parameter space there is always at least one coupling for which we have
yj ∗  yj(MPlanck). For instance, in the case given by Eq. (D.13), we find
that the minimum value of the charm Yukawa coupling we can obtain at a
fixed point is yc ∗ & 0.136, whereas at the Planck scale in the SM it holds
that yc(MPlanck) = 0.00293. This fact makes a matching between fixed-point
trajectories and the observed IR value impossible because yc always increases
towards low energies, as shown in Fig. D.11. Thus, the new contribution fy,2
is not appropriate to generate the adequate hierarchy in the SM.
The difficulty in the explanation of the full quark flavor structure arises
from the two split patterns we have to generate. Firstly, there is the dif-
ference between the up- and down-type quarks within each generation. The
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type of new-physics contribution discussed here is in principle able to explain
this difference, at least for one generation. Secondly, there is the quantitative
difference among the three SM generations. While our flows exhibit upper
bounds on the quark masses of the lower generations, we have not discov-
ered a mechanism that allows to predict the inter-generational hierarchy. We
stress that the inter- and the intragenerational hierarchy are two distinct as-
pects that might have different origin, and whose nature needs to be explored
in future studies.
yc ỹc ŷc
yc
* yc(Mpl)
0 1000 2000 3000 4000 5000 6000 7000
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Figure D.11: We show the evolution of the coupling yc starting from the fixed point
(D.13), as well as other two trajectories starting a little above and below the fixed-point
value (solid, dotted and dashed lines respectively). We also depict the fixed-point value
and the corresponding value of the charm Yukawa coupling at the Planck scale.
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